FRAMED BORDISM AND LAGRANGIAN EMBEDDINGS OF EXOTIC 

SPHERES 

MOHAMMED ABOUZAID 



Contents 

1. Introduction 

2. Construction of the bounding manifold 

3. Transversality 

4. Preliminaries for gluing 

5. Construction of an extended gluing map 

6. Local injectivity of the gluing map 

7. Gluing near higher codimension strata 

8. Construction of a smooth manifold with corners 

9. Triviality of the tangent space of the cobordism 
Appendix A. Pointwise estimates 

Appendix B. Proof of the Quadratic Inequality 
References 



1 
3 
21 
28 
37 

^ 

61 

74 
8C 
88 
92 
97 



1. Introduction 

Let L be a compact exact Lagrangian submanifold of T*S"' whose Maslov class vanishes. 
By [20|, L is a rational homology sphere which represents a generator of Hm{T* S"^ , Z). The 
classical nearby Lagrangian conjecture of Arnol'd would imply that L is diffeomorphic to 
the standard sphere. 

One approach to proving the diffeomorphism statement implied by Arnol'd's conjecture 
would be to first prove that i is a homotopy sphere by establishing the vanishing of its 
fundamental group, then to use Kervaire and Milnor's classification of exotic spheres to 
exclude the remaining possibilities, see |12| . In this paper, we begin the second part of the 
program and prove 

Theorem 1.1. Every homotopy sphere which embeds as a Lagrangian in y* 5*4^+1 jnugt 
bound a compact parallelisable manifold. 



Unfortunately, this result says nothing about the 28 exotic 7-sphGres originally constructed 
by Milnor. In dimension 9 (the first dimension for which exotic spheres exist and the theorem 
applies), Kervaire and Milnor proved that there are 8 different smooth structures on the 
sphere, with only 2 arising as boundaries of parallelisable manifolds. In particular, all but 
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one of the exotic smooth spheres in dimension 9 fail to embed as Lagrangian submanifolds 
of the cotangent bundle of the standard sphere. 

By the Whitney trick, there are no obstructions to smooth embcddings of exotic spheres 
in the cotangent bundle of the standard sphere in dimension greater than 4. In fact, the h- 
cobordism theorem implies the stronger statement that the unit disc bundles in the cotangent 
bundles of all homotopy spheres of the same dimension are diffeomorphic as manifolds 
with boundary. Theorem 11.11 implies that the symplectic structure on a cotangent bundle 
remembers some information about the smooth structure of the base that is forgotten by 
the mere diffeomorphism type of the unit disc bundle: 

Corollary 1.2. //S^*''"*"^ is an exotic sphere which does not bound a par allelis able manifold, 
then the cotangent bundles T*Yj'^*'^^ and ^j-g jiqI symplectomorphic. 

The starting point in the proof of Theorem 11.11 is the fact that the graph of the Hopf 
fibration embeds 5"^"^^ as a Lagrangian in C" x CP"^^. By Weinstein's neighbourhood 
theorem, L embeds in C" x CP"""'^ as well. Because of the C" factor, there is a compactly 
supported Hamiltonian isotopy which displaces L from itself. Following a strategy which 
goes back to Gromov's introduction of pseudo-holomorphic curves to symplectic topology 
in |10j . and whose applications to Lagrangian embeddings have been developed among 
others by Polterovich, Oh, Biran-Ciehebak, and Fukaya [3l[8l|T7l[T9] , the choice of such a 
displacing isotopy determines a one parameter family deformation of the Cauchy-Riemann 
equation. Under generic conditions, the corresponding moduli space of solutions in the 
constant homotopy class becomes a manifold of dimension 2n with boundary diffeomorphic 
to L. 

This moduli space is not compact, but admits a compactification which corresponds ge- 
ometrically to considering exceptional solutions to the parametrised deformation of the 
Cauchy-Riemann equation, along with a holomorphic disc or sphere bubble. The strata cor- 
responding to disc bubbles can be "capped off" by a different moduli space of holomorphic 
discs to obtain a compact manifold one of whose boundary components is diffeomorphic to 
L. The remaining boundary components correspond to sphere bubbles, and have explicit 
descriptions as bundles over S"^, which allows us to prove that they bound parallelisable 
manifolds. 

To prove the parallelisability of the result of gluing these manifolds along their common 
boundaries, we rely on the fact that the iC-theory class of the tangent space of the moduli 
space of J-holomorphic curves agrees with the restriction of a class coming from the space of 
all smooth maps. An analysis of the homotopy type of this space (together with the fact that 
(j-;pn-i jjg^g even first Chern class precisely when n is even) yields the desired parallelisability 
of the bounding manifold we construct. It is only in this very last step that the mod 4 value 
of the dimension, rather than simply its parity, enters the argument. 

Acknowledgments. I would like to thank Paul Seidel both for the initial discussion that 
started my work on this project, as well as for many subsequent ones concerning the com- 
patibility of Gromov compactifications with smooth structures. I am also grateful to Ka- 
trin Wchrhcim for answering my many questions about technical aspects of gluing pseudo- 
holomorphic curves, to Shmuel Weinberger for suggesting the argument of Lemma [2211 and 
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to Yasha Eliashberg for conversations which led to the exphcit computations summarized 
in Addendum [21^ 



2. Construction of the bounding manifold 



2a. Deformation of the Cauchy-Riemann equation. In this section, we recall the con- 
struction of a moduli space of solutions to a deformed Cauchy-Riemann equation considered 
by Gromov. We closely follow the approach introduced by Oh in [17] . 

As remarked in the introduction, the starting point is a Lagrangian embedding 

(2.1) L-^C"xCP"-\ 

where CP"~^ is equipped with the symplectic form coming from hamiltonian reduction 
with respect to the diagonal circle action on C" with weight 1, and C" with the negative of 
the standard symplectic form. We shall moreover assume that the embedding of L is real 
analytic (see Lemma [3. ip . Choose a ball in C" containing the projection of L to C" whose 
diameter is thrice the diameter of this projection, and let M denote the product of this ball 
with CP"~^. Given a compactly supported function 

(2.2) H: M X [-1,1] 

we will write Ht for the restriction of this function to M x {i}, for the corresponding 
time-dependent Hamiltonian vector field on M , and for the resulting Hamiltonian diffeo- 
morphism obtained by integrating Xh over the interval [—1, 1]. We shall assume that H 
satisfies the following condition: 

, . The symplectomorphism <j) displaces L from itself. Moreover, we assume that Ht 
vanishes in a neighbourhood of t = ±1. 

The existence of such a function Ht follows trivially from our assumption that one factor 
of M is a ball of sufficiently large radius and the fact that any translation in C" is generated 
by a Hamiltonian flow; an appropriate cutoff of this Hamiltonian flow is supported on M 
and satisfies the desired conditions. 

Remark 2.1. The requirement that (f> displace L is essential, whereas the vanishing as- 
sumption on Ht is only needed in order to simplify the proof of the transversality results in 
Section\^and the gluing theorems in Section\^ 



We shall write ll^ = R x [—1, 1] for the bi-infinite strip equipped with coordinates (s, t), 
and we fix the identification 

(2.4) lt^^D'-{±l} 

which takes the origin to itself. Consider a smooth family 7^ of compactly supported 1-forms 
on parametrized by i? G [0, 00), and satisfying the following properties 

• If < i? < 1, then 7fl = i?7i, and 

• If 1 < i?, then ^*77j is a multiple of dt which depends only on s, and is constrained 
as follows 



(2.5) r7i?(5,t) 



dt if \s\ < R 
if|s|>i?-M 
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• the norm |^*7(s,i)l monotonically decreasing in the variable s whenever s > 0, 
and monotonically increasing if s < 

Let 3 denote the space of almost complex structures on Af which are compatible with the 
standard symplectic form and which agree with the complex structure Jaig on C" x CP"~^ to 
infinite order on the boundary of M . Here, Jaig is the direct sum of the complex conjugate 
of the standard complex structure on C" with the standard complex structure on CP"~^; we 
have to conjugate the complex structure on the first factor in order to maintain positivity 
with respect to the symplectic form. 

Further, consider a family J = {J_R}fle[o,+c5o) {Jz,r}(z,K)gd^x[o.,+oo) of almost complex 
structures parametrized by (z, R) E x [0, +00) such that J^^n = Jaig whenever i? = or 
z £ is sufficiently close to the boundary. 

Having made the above choices, we define, for each i? > 0, a moduli space which we denote 
JV{L-, 0, J_R, H, jr), of finite energy maps 

u: {D^,S^) {M,L) 

in the homotopy class of the constant map, satisfying the equation 

(2.6) {du-jR(g)XH{z))°'^=0. 

The (0,1) part of the above TM- valued 1-form is taken with respect to the family J of almost 
complex structures. Moreover, if z ±1, then the vector field Xh in the previous equation 
is the Hamiltonian vector field on M of the function Ht where t G [—1,1] is determined 
by the property that there is a value of s such that £,{s,t) = z. Note that 7/? vanishes at 
z = ±1, so there is no ambiguity in Equation ()2.6p . 

Away from ±1, the above equation can be explicitly written in (s, t) coordinates as 

(2.7) dsu + J^(^s,t},Rdtu = CilR^idt) ■ J^{s,t},RXH (uo^(s,i),t) 
for each s G M and t E [—1,1] with the boundary conditions 

u{s, —1), u{s, 1) E L 

for all s G R. The removal of singularities theorem proven in |15| implies that any finite 
energy solution of (|2.7p extends smoothly to D^. In particular, there is a bijection between 
the solutions of ((^ and (P?7)) . 

Unless we explicitly need to discuss them, we will omit the complex structure J and the 
Hamiltonian H from the notation, and write P{L-, 0) for the space 

(2.8) ViL;0,3,H)= [] AA(L; 0, J^, i7, 7^,). 

i?.e[o,+oo) 

To understand the topology of 7'(i; 0), we consider the product of [0, +00) with J-{L), the 
space of smooth maps from {D^ , S^) to (Af, L): 

(2.9) J'viL) = [0, +00) X j^(i) = [0, +00) X C°° ((D^ S^), (M, L)) . 

We shall write J--p{L;f3o) for the component of J--p{L) consisting of maps in a homotopy 
class /3o- For the moment, we're interested in the homotopy class of the constant map. Let 



EXOTIC SPHERES 



5 



£-p be the bundle over J^-p [L) with fibres 

C°° {u*{TM) ®c n^'^D"^) 

at a point {R,u), where ff'^ is the bundle of complex anti-linear 1-forms on D^, and the 
tensor product is taken with respect to the z and R dependent almost complex structure J 
on TM. Note that the map 

(2.10) Bv- iR,u)^ {du~jB^(g,XH)"'^ 

defines a section of £-p whose intersection with the inclusion of J--p{L\ 0) as the zero section 
is equal to V{L; 0). Our next assumption concerns the regularity of this moduli space: 

(2 11) ^^'^ family J such that the moduli space ^(-L; 0) is regular, i.e. the graph 

of 9-p is transverse to the zero section. 

The existence of such a family is a standard transvcrsality result appearing in various forms 
in [19j and |17| , and regularity holds gcncrically in an appropriate sense. We'll briefly discuss 
the proof in Section [31 culminating in Corollary [23 which specializes to the following result 
if we consider only the constant homotopy class: 

Corollary 2.2. 'P{L; 0) is a smooth manifold with boundary 

9P(L;0)=AA(L;0,Jo,H,7o)-i, 
consisting of constant holomorphic discs for the constant family Jg = Jaig- 

To recover tangential information, recall that, upon choosing a complex linear connection, 
the linearisation of d-p at its zeroes extends to an operator 

(2.12) Dp: TTv{L) £p, 

which is Fredholm in appropriate Sobolev space completions; this essentially follows from the 
fact that Equation (|2.6p is a compact perturbation of the usual Cauchy-Riemann operator 
(see Section [3]). To compute the class of this operator in iiT-theory, we shall use the fact 
that the homotopy type of J--p{L; 0) is extremely simple. 

Lemma 2.3. The evaluation map at 1 £ and the relative homotopy class define a weak 
homotopy equivalence 

(2.13) J'iL) LxZ. 

Proof. Since L and S^"~^ are homeomorphic, and their inclusions in M are homotopic, it 
suffices to prove the result whenever L is the standard sphere embedded as the graph of the 
Hopf fibration. 

Consider the projection to the second component of M , and the induced fibration 

(2.14) .F(52"-i) 



Maps((D^S'i),(CP""\CP""^)) . 

The base of this fibration is clearly homotopy equivalent to CP"~^ which includes as the set 
of constant maps. To study the fiber, we fix a point p on CP"~^, and consider the space of 
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maps (I?^, S^) (C", Sp), where Sp is the circle in 5^" ^ which hes over p. The degree of 
the restriction — > Sp and the image of 1 in Sp defines a fibration 

(2.15) Maps {{D^, S^), (C", Sp)) S^ x Z 

which is easily seen to be a homotopy equivalence. Note that we can identify the degree of the 
evaluation map to the circle Sp with the relative homotopy class in ^2 (C" x CP"""'^, S'^"~^) . 
Fixing such a class (3o, the evaluation at the bascpoint 1 ^ S-^ defines a map of fibrations 

Maps ((Z?2, (C", Sp);l3o) S^ 



TiS'-^~^;Po) 



Maps {{D^,S^), (CP"-\ CP"-^)) ^ CP"-i. 

Since the top and bottom horizontal maps are homotopy equivalences, so is the middle 
one. □ 



In particular, the inclusion of L into J-{L; 0) as constant discs is a weak homotopy equiv- 
alence. We use this to conclude: 

Lemma 2.4. The tangent bundle of'P{L;0) is trivial. 

Proof. Since T'{L;0) is a manifold with boundary, it has the homotopy type of a 2n — 1 
complex. In particular, the tangent bundle to ^^(LjO) is trivial if and only if it is trivial in 
reduced ii'-theory (we're in the stable range; see Lemma 3.5 of [l2]). 

It is well-known, see for example |14j for the case with no Hamiltonian perturbation, 
that (|2.12p extends to a Frcdholm map between Banach bundles over JFp(L). Moreover, 
regularity implies that the class of the tangent bundle of V{L;Q) in KO{V{L\Q)) agrees 
with the restriction of the class of the Cauchy-Ricmann operator on J--p{L). By the previous 
lemma, the inclusion of L in J--p{L) as the boundary of 'P{L; 0) is a homotopy equivalence. 
In particular, the stable triviality of the tangent bundles of homotopy spheres (see [12] ') 
implies that the class of the Cauchy-Riemann operator in KO{J--p{L)) is trivial. □ 

If P{L; 0) were compact, we would immediately be able to conclude that existence of 
exotic spheres which cannot embed as a Lagrangian in the cotangent bundle of the standard 
sphere. Indeed, we would know that L bounds a compact parallelisable manifold, and 
Kervaire and Milnor's results in [12] imply the existence of exotic spheres which cannot 
bound such a manifold. However, by keeping track of the degree of the evaluation map to 
L, one can show that P{L; 0) cannot be compact. Wc must therefore study its Gromov 
compactification ViL; 0) with the hope of being able to construct a compact parallelisable 
bounding manifold for L. 
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2b. Compactification of the moduli spaces. The standard Gromov compactification 
of V{L\ 0) is obtained by inchiding cusp curves, see [TOl- These consist of a solution u to 
Equation (|2.6p in some (relative) homotopy class /?o, together with a collection of holomor- 
phic discs or spheres Vi (considered modulo their automorphisms) in homotopy classes Pi 
such that 

V 
4=0 

which are arranged along a tree and satisfy a stability condition. We will presently see that 
there are in fact only three possible configurations to consider. 

The simple connectivity of L implies that we have an isomorphism 

(2.16) ^2(M) ^5^7r2(A/,L). 

We will write a for the generator of the left hand side corresponding to the copy of CP'^ C 
CP"~^, and /3 for its image in the right hand side. 

Since the first Chern class of CP"^^ evaluates to n on a, the moduli space of holomorphic 
maps from CP""""^ to M in class ka has virtual real dimension 

2(2r7, - 1) + 2fcn 

by a standard application of the Riemann-Roch formula. There is an analogous formula 
for the virtual dimension of the space of holomorphic discs in class before taking the 
quotient by the group of automorphisms, which is 

(2.17) 2r7.-l + 2fcn. 

The dimension of the moduli space of solutions to Equation (|2.6p in T-p(L; kf3) is one higher 
because of the extra choice of the parameter R. Writing V{L; k(3) for this moduli space, we 
conclude: 

Lemma 2.5. The expected dimension of'P{L] fc/3) is 2n(l + k). 

□ 

Our next assumption extends requirement (j2.1ip to homotopy classes of maps which have 
non-positive energy. 

(2.18) All moduli spaces 7'(L; fc/3) for fc < are regular. 

This implies in particular that all such moduli spaces for fc < — 1 are empty, so that, a 
priori, the cusp curves in the compactification of 'P(L; 0) have, as one of their components, 
a curve u in V{L]k(3) where fc > —1. The proof that this requirement holds for a generic 
path of almost complex structures J is done in Section [31 with a precise statement given in 
Corollarv l3.7l 

Since we're considering the Gromov compactification of a moduli space of curves in the 
constant homotopy class, the sum of the homotopy classes of all irreducible components in 
our tree must vanish. Positivity of energy implies that all (non-constant) holomorphic discs 
(and spheres) occur in classes fc/? (respectively ka) where fc is strictly positive. The moduli 
spaces V{L; k(3) for fc ^ — 1 do not therefore contribute to the compactification of 'P{L] 0). 
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Note that VIL; —(3), the only remaining moduli space that could appear in the compactifi- 
cation of 0), has dimension 0. In particular, Af{L; -~f3, J a, H, ^b) is empty for generic 
values of i?; so we shall call the elements of V{L\ — /?) exceptional solutions. Having 
excluded all other possibilities, we obtain the following description of the corner strata of 
P(L;0): 

Lemma 2.6. The strata of T'{L; 0) — T'{L; 0) consist of an exceptional solution u solving 
Equation (j2.10p for some R together with either 

(i) a fj-holomorphic sphere in class a intersecting the image of u at u{z) with z an 
interior point, or 

(ii) a Ji^ig-holomorphic disc in class /3 with boundary on L passing through a point on 
the boundary of u, or 

(iii) a Jaig-holomorphic sphere in class a passing through a point of the boundary of u. 

□ 

Observe that a holomorphic disc in class /? can degenerate to a holomorphic sphere in 
class a passing through a point of L. The Fredholm theory of such a problem is well 
understood, and is modeled by considering a constant (ghost) holomorphic disc mapping 
to the intersection of the sphere with L. This, together with a standard gluing argument, 
implies that case (iii) in the above lemma has expected codimension 2 within the Gromov 
compactification of case (ii). Case (iii) has expected codimension 1 in the closure of the 
stratum corresponding to case (i), as a sphere bubble passing through the interior of the 
disc can escape to the boundary. 

To describe the topology of these strata, we introduce the notation 

(2.19) S,^,{L-kl3,J) 

for the moduli space of J-holomorphic discs in class fc/3 with i labeled interior marked points, 
and j ordered boundary marked points, modulo automorphisms. We also have the spaces 

(2.20) M,j(i; 3r, H, 7fl) and P,- , (L; fc/3) 

whose meaning should be evident to the reader. Slightly more generally, if J is a family of 
almost complex structures parametrized by x [0, +oo) as in the definition (|2.8|) of the 
moduli spaces 7'(L; 0), then we shall write 

(2.21) M^iM;ka,3)= [] M^{M-ka. Jz,r) 

(i?„z)eL>2x[o,+oo) 

for the moduli space, modulo automorphism, of spheres in homotopy class ka with i marked 
points, which are holomorphic with respect to one of the almost complex structures Jz.r- 
This disjoint union is topologised, in the same way as 'P(L;0), by exhibiting it as the zero 
set of a Fredholm section of a Banach bundle. In particular, whenever this defining section 
is transverse to the zero section, the natural map from A^i(Af;fca,J) to x [0, +oo) is 
smooth. 
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In this language, the strata of V{L] 0) — V{L] 0) can be described as fibre products 

(2.22) 9ip(L;0) -5o,i(i;/3, Jaig) XlVo.i{L-~I3) 

(2.23) d^V{L;Q)^Mi{M;aJ) Xmx[o,+oo)xD2 7'i,o(i; -/?) 

(2.24) c)3^(L;0) =Xi(A/;a, Jaig) Xm 5i,i(i; 0, Jaig) XlPoAL;-(3). 

Here, the superscript on d''V (L; 0) is the expected codimension of the stratum, i.e. the 
difference between the dimension of V{L; 0) and the virtual dimension of the stratum. We 
will now ensure that all boundary strata arc smooth manifolds of the expected dimension, 
which is the first step towards constructing a manifold with corners. Oh proved in [16] . that 
the next requirement holds after a small perturbation of L. 

The moduli space S{L; (3, Jaig) of Jaig holomorphic discs in class (3 with boundary 
on L is regular. 



In particular, the moduli space of holomorphic discs with one boundary marked point is a 
smooth manifold equipped with an evaluation map 

(2.26) 5o,i(L;/3) 

We shall impose the following condition on the moduli space of exceptional solutions: 
The evaluation map 

(2.27) Vo.i{L--l3) ^ L 
is transverse to the evaluation map from So,i{L; j3) . 

In Lemma 13.81 prove that this property holds for a generic family J. From Equation 
()2.17|) . we know that the moduli space 5o,i {L; (3) has real dimension An — 3, since the group 
of automorphisms of fixing a boundary point has real dimension 2. Subtracting 2n — 2 
for the codimension of the evaluation map (|2.27[) . we conclude: 

Corollary 2.7. The stratum d^V {L; 0) is a smooth manifold of dimension 2n — 1. 

□ 



Note that the moduli space of holomorphic spheres in class a with respect to the standard 
complex structure Jaig is regular and that the evaluation map from Mi{M] a, Jaig) to M is 
a submersion. Since the family J has been assumed to agree with Jaig when z lies on the 
boundary, we conclude 

Lemma 2.8. The stratum d^V {L;0) is a smooth compact manifold of dimension 2n — 3 
with components labeled by elements of'P{L: — /3). Each such component is diffeomorphic to 

(2.28) CP""^ X 5*^ □ 



In Section [31 see in particular Lemma 13.111 we shall explain how to use the stability of 
submersions under perturbations to extend this explicit description to the moduli space of 
spheres passing through the interior of an exceptional solution: 

The stratum d^V {L; 0) is a smooth manifold of dimension 2n— 2 with components 
(2 29) labeled by elements of V{L; —(3). The closure of every component is diffeomorphic 
to 

CP""^ X D^. 
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We have now ensured that all strata of ViL; 0) are smooth manifolds. Instead of proving 
that 7^(L; 0) is a manifold with boundary, we shall construct a manifold with corners V{L; 0) 
one of whose boundary components is diffeomorphic to L, and whose remaining corner 
strata are in bijective correspondence to the strata of ViL; 0) — ViL; 0). To give a precise 
relationship between V{L; 0) and 'P{L; 0), consider the trivial bundle over the parametrized 
moduli space of holomorphic spheres whose fibre is the tangent space of CP^ at oo which we 
identify with the marked point. Taking the quotient by Aut(CP^, oo) = C* x: C we obtain a 
possibly non-trivial complex line bundle which we denote CAii{M; a). This is the bundle 
over the moduli space of unparametrized spheres with one marked point A^i(M;a) whose 
fibre is the tangent line of CP^ at the marked point. 

Over Vifi{L\—(3), we also have a complex line bundle CVifl{L; ~f3) whose fiber at an 
element {u, z) is the the tangent space T^D^. Let Cd^V {L; 0) denote the tensor product of 
the puUback of these two line bundles to d^V {L; 0), 

(2.30) Cd^V (i; 0) = CMiiM; a) Mc Cri,o{L; -f3). 

We will consider the unit circle bundle associated to Cd^V {L; 0) which we denote by 

(2.31) d^VmO). 

Remark 2.9. Were we to prove V{L; 0) to be a manifold with boundary, CVi.o{L; —j3) would 
have been the normal bundle to d^V (L; 0). From the point of view of algebraic geometry, this 
follows from the well known fact that the infinitesimal smoothings of a nodal singularity are 
parametrized by the tensor product of the tangent spaces of the two branches. From the point 
of view of gluing theory and hence closer to the discussion at hand, a gluing construction from 
d^V {L\ 0) to 'P{L; 0) requires choosing a gluing parameter in [0, +oo) as well as cylindrical 
ends on each branch, i.e. maps from x [0, -|-cx)) to each punctured surface. The choice 
of such ends is equivalent up to homotopy to the choice of a unit tangent vector at each 
branch. Moreover, up to a decaying error term, the gluing construction is invariant under 
the simultaneous rotation of both cylindrical ends. 

The same construction performed on 7Wi(A/;a, J) yields a circle bundle d'^V{L;Q) over 
d^V {L; 0). We can now state the following result which will be proved in Section [8bl 

Lemma 2.10. The union 

(2.32) P{L)Ud^PiL;0) 

admits the structure of a smooth manifold with boundary. Moreover, there exists a compact 
manifold with corners V{L; 0) embedded in V{L; 0) Ud^V [L; 0) as a codimension subman- 
ifold, one of whose boundary components is diffeomorphic to L, and whose remaining corner 
strata are diffeomorphic to the components of d^V {L;0), d^V{L;0), and d^V {L; 0) . 

Remark 2.11. By pushing the boundary strata of this manifold towards the interior, we 
obtain an embedding ofV{L] 0) into 'P{L; 0). This slightly different point of view shall be of 
use in Section[2e[ 

Our goal in the next sections will be to "cap off" the boundary components of V{L; 0) 
(other than L itself) in a controlled manner to ensure that the resulting manifold is still 
parallelisable. We will only succeed if the dimension is congruent to 1 modulo 4. 



EXOTIC SPHERES 



11 



Addendum 2.12. In the case of the standard inclusion of S^" ^ in C" x C" ^ as the graph 
of the Hopf fibration, we claim that the complement of a small neighbourhood of 

(2.33) d^r (Hopf (S-^"-!) ; 0) U d'^r (Hopf (S-^""!) ; O) 

in V (Hopf (iS*^"^^) ; O) has boundary which is diffeomorphic to a disjoint union of copies of 
g2n-i ^ /n particular, we can smooth the corner strata of the boundary ofV (Hopf (S"^""^) ; O) 
to obtain a cobordism between S'^"~^ , and other copies of S*^""^ indexed by the finite set 
V (Hopf (5^"~^) ; — /?) . We give the geometric arguments behind these statements, ignoring 
all analytic problems which can be resolved without great difficulty in this case. 

Fixing an element u £ 7^(Hopf (5^"^^) ; —(3), our goal is to give an explicit description 
of the component of d^V (L; 0) which consists of holomorphic discs passing through the 
boundary of u. We shall write d^V (Hopf (S"^""^) ; O) for this manifold. The invariance of 
the Hopf map and the complex structure Jaig under the appropriate action of U (n) implies 
that the projection map 

(2.34) diP (Hopf (S'2"-i) ; 0) ^ 51 

is a fibration. It suffices therefore to describe the moduli space of holomorphic discs passing 
though a point (pt, TTuopf (pt)) on the graph of the Hopf fibration. We claim that this moduli 
space is diffeomorphic to a ball, and that its compactification is diffeomorphic to CP"^^. 
The precise statement is 

The moduli space 

5o,i(Hopf(52"-i),pt;/3) 
(2 35) holomorphic discs in C" x CP"~^, with boundary on the graph of the Hopf 
fibration, with 1 mapping to (pt, TTuopf (pt)), is naturally diffeomorphic to the space 
of complex lines in C" which are not tangent to S'^"'~^ ai pt. Moreover, its Gromov 
compactification is diffeomorphic to the space of all complex lines in C" . 

To describe the map in one direction, we observe that any complex line passing through 
pt and which is transverse to 5^""^ can be parametrized so that the unit circle maps to 
^2n-i image of the unit disc under this map gives the first factor of an element of 

iSo,i(Hopf (5^"~^) ,pt;/3). To obtain the second factor, we map — {0} to C by inverting 
about the unit circle, apply the previously fixed parametrization of our line in C", then project 
to CP"~^ by the C* action on C". The resulting map extends continuously to the origin. 
Since the complex structure on C" is conjugate to the usual one, while the one on CP"^"'^ is 
standard, the resulting map is holomorphic, and it is trivial to check that the product map 

^ C" X CP"~^ 

has boundary lying on the graph of the Hopf map. Note that applying essentially the same 
construction to the case where the plane is tangent to at pt yields a "ghost bubble" 

on S'^^~^ , together with a holomorphic sphere in CP"^^ passing through 7rHopf(pt), as we 
expect to find in the Gromov compactification of the moduli space of holomorphic discs. We 
shall not prove that the smooth structure at this boundary stratum is compatible with the one 
induced from gluing pseudo-holomorphic curves, though this can be done along the lines of 
the arguments used in Section^ 

We give the barest sketch of the proof that the map we just described is surjective. Start by 
using the two factors of a holomorphic disc with boundary on Hopf(5^"~^) to construct a 
holomorphic sphere in CP"~^ which on the lower hemisphere agrees with the second factor, 
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and on the upper hemisphere with the composition of conjugating the domain, applying the 
first factor, then projecting along the C* action. This first implies that the image of such 
a disc is contained in the product of a complex plane in C" with the corresponding line 
in CP"~^, which reduces the problem to the case n = 2. In this case, we can interpret 
this doubled map as a bi-holomorphism of CP^ , and the image of the boundary of the disc 
under such a map must agree with the unit circle in C under stereographic projection after 
composition with an appropriate translation and dilation. Geometrically, fixing the image 
of the boundary to agree with such a circle implies that the boundary of the holomorphic 
disc in the product x CP"'^ projects to a totally real torus — > which is isotopic, 
through complex linear maps, to the product of a circle in each factor of C ( this torus is 
usually called the Clifford torus). Up to re-parametrisation, there is exactly one holomorphic 
disc (in the appropriate homotopy class) passing through a given point of the Clifford torus, 
which proves surjectivity. 

We conclude that we have a diffeomorphism 

(2.36) (L; 0) 9^ S-i X 

Moreover, while the codimension 2 stratum is diffeomorphic to CP"~^ x as in equation 
(j2.29[) , a neighbourhood thereof is diffeomorphic to 

(2.37) 5^""^ X 

as we shall see in Equation p.53[) . This implies that the boundary of a small neighbourhood 
of the union of these two strata is obtained by gluing 

(2.38) X L>2"-2 u 5^""^ X 

along their common boundary. The description we have given is sufficiently explicit that the 
reader is invited to show that this is the standard decomposition of S^"'~^ into neighbourhoods 
of an equatorial circle and the orthogonal S'^""'^. 

2c. Capping moduli spaces. The moduli spaces defined in this section will be constructed 
starting with moduli spaces of holomorphic discs with boundary on L. Since the family of 
almost complex structures J is constantly equal to Jaig near the boundary of D^, we shall 
drop the almost complex structure from the notation. 

Given that L is simply connected, we may choose, for each exceptional solution u, a smooth 
map 

(2.39) c„ : ^ L 

such that Cu\S^ = u\S'^ . Requirement (|2.27p is equivalent to the statement that for each 
such map, u\S'^ is transverse to the evaluation map from 5o,i(L; /?), so we may ensure that 
the same is true for Cu- In particular, we can define a smooth manifold whose boundary is 
diffeomorphic to d^V {L; 0) by considering the fibre product 

(2.40) C{L) = SoAL; 13) {V{L; -f3) x D^) 
where the evaluation map on the second factor is 

(2.41) {u,z)^Cu{z). 

The space C{L) is again not compact, but it admits a Gromov compactification C{L). The 
analysis performed in the previous section implies that the only stratum that needs to be 
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added to C{L) is the fibre product 

(2.42) d^C{L)^Mi{M;a) Xl{V{L;-(3) x D^). 

As as sUght variation on the construction performed in the previous section, we introduce 
a line bundle 

(2.43) Cd^C{L) 

which is the puUback of CAii{M; a) to d^C (L). This allows us to define a circle bundle 

(2.44) d^C [L) 

whose fibre at a given equivalence class of maps is the unit tangent space to CP^ at the 
marked point. Note that the boundary of d^C (L) is d'^V (L; 0). 

Remark 2.13. The only difference between (|2.43p and (j2.30p . is that the former does not 
involve the tangent space of the disc. The reason for this is the fact that the Fredholm 
description of a gluing theorem on d^C (L) corresponds to gluing of a sphere to a ghost disc 
bubble with one interior marked point and one boundary marked point. In analogy with 
(|2.30[) . we should strictly speaking define (|2.43p to be the tensor product of CA4i{M;a) with 
the tangent space to this ghost bubble at its interior marked point. But this second line 
bundle is canonically trivial. 

In Section I7dl wc shall sketch the proof of 

Lemma 2.14. There exists a compact manifold with corners C{L) whose interior is diffeo- 
morphic to the interior of C{L), and whose corner strata are respectively diffeomorphic to 
the components ofd^P{L;0), d'^C{L), andd^V{L;0). 

Wc denote the closure of d^P (L; 0) in C{L) by 

(2.45) B^C (L) = d^V (L; 0) U d^V {L; 0) , 

which is a manifold with boundary equipped with a smooth structure by virtue of its inclu- 
sion in C{L). This space is also the closure d^V (L; 0) of d^V {L; 0) in V{L; 0). In Lemma 
17.181 we prove that the two induced smooth structures are diffeomorphic via a diffeomor- 
phism which is the identity on the boundary d^V {L\Q). We write W{L) for the union of 
C{L) and 'P{L] 0) along this common codimension 1 boundary stratum. 

As an immediate consequence of Lemmas 12.101 and 12.141 we conclude: 

Lemma 2.15. W{L) is a smooth compact manifold whose boundary is the disjoint union 
of L with the smooth manifold 

(2.46) a2C(L)Ug3p(i^o)^'^(^;0). □ 

Wc shall now focus on explicitly describing the boundary components of W{L). As in the 
previous section, the fact that the evaluation map from M.i{M\a) to M is a submersion 
with fibres CP"~'^ implies that d^C (L) is a disjoint union of copies of 

(2.47) X CP"-2 
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indexed by exceptional solutions to (|2.6p : i.e. by elements of 'P(i; —(3). In particular, the 
components of dW{L) — L are bundles over CP"~^ bundles over S^. As we shall see in 
Proposition [2TI8I the parallelisability of W{L) is equivalent to the parallelisability of these 
bundles. 

2d. The neighbourhood of the space of sphere bubbles. In this section, we prove 
Proposition 2.16. The manifold 

(2.48) a¥(L)Ua3p(i;o)5'^(^;0). 

is a disjoint union of S^"~^ bundles over . If n is odd, its components are diffeomorphic 
to S"^ X S'^"~^ , and they are otherwise diffeomorphic to the non-trivial 5*^""^ bundle over 
. In particular, if n is odd, the diffeomorphism type of the boundary ofW{L) is given by 

(2.49) dW{L) ^LU{S^ X S^'"^ x P{L; -/?)) 

This result will follow easily once we exphcitly identify Cd'^V {L;0), Cd'^C{L), and the 
isomorphism which is used to glue them along Cd^V {L; 0). For simplicity, fix an exceptional 
curve u, and write Cd^V {L; 0) and Cd^C (L) respectively for the components labeled by u. 
The complement of the zero-section in Cd^C (L) can be naturally identified, as a bundle 
over with the complement of the zero section of the puUback of the tangent space of 

(2.50) CdlC (L) - die (L) ^ c^TCP"-^ - D^. 

Indeed, it is easiest to construct a map from the right hand side to the left hand side, taking 
a non-zero vector in c*rCP"~^ at c„(z) to the pair consisting of the unique complex line 
passing through z that it spans, together with the corresponding tangent vector to this 
complex line at z. In particular, we have an identification between the unit circle bundle on 
one side, and the unit sphere bundle on the other 

(2.51) die (L) ^ clSTCr'-\ 

Similarly, we have an identification between the complements of the zero sections 

(2.52) CdlV{L;0)-dlP{L;0) ^ {u*TC¥"-^ (g)cTD^) - D^, 
inducing a diffeomorphism of sphere bundles 

(2.53) d'lr (L; 0) 9i S (m^TCP""^ ®c TD^) = S^''~^ x 

In particular, using the fact that u and c„ agree on the boundary circle, the geometric 
identification of d^P {L; 0) as the common boundary of BlP (L; 0) and BlC (L) gives a dif- 
feomorphism of sphere bundles over the circle 

(2.54) u*STCr-^\si ^S{u*TCr-^ (E>cTD^) jgi. 

Lemma 2.17. The diffeomorphism (j2.54p is induced by an isomorphism of vector bundles 
over : 

(2.55) u*TCP""^|si u*rCP"~^|si ®c TD^\si 
which, for a vector x lying over a point 9 ^ is given by 

X !—>■ X (E) dg 
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Figure 1. 

where dg is the tangent vector to the circle. 

Proof. As discussed in Remark |2.13[ we should really think of the fibres of Cd^C (L) as the 
tensor product of the tangent space of the holomorphic sphere bubble at the marked point, 
with the tangent space of a ghost disc bubble at the origin; this second factor is canonically 
trivial. The operation of gluing the ghost disc bubble to the exceptional solution u gives a 
trivialization of the tangent space of near its boundary. It is evident that this is precisely 
the trivialization described above (see Figure [U which shows the trivialization of the tangent 
space of a ghost bubble attached at various points). □ 

Introducing the notation 

(2.56) c„Uu: ^ M 

for the map on 5^ which is respectively equal to Cu and u on the top and bottom hemisphere, 
we can now prove the main result of this section 

Proof of Proposition \2.16\ By the previous Lemma, the component of p.48p labeled by u 
is diffeomorphic to the unit sphere bundle in 

(2.57) (c„Uw)*rCP"-i®cO(l), 

where 0(1) is the tautological bundle on CP^, thought of as a complex linear vector bundle 
(the holomorphic structure is irrelevant). By construction, c„ Uu represents the class —a £ 
7r2(M), so that (c^ U u)* TCP"^^ is the non-trivial bundle precisely if n is odd. In particular, 
the unit sphere bundle of (c„ U u)* TCP""! ® 0{\) is the trivial S'^"-^ bundle over 5^ if n 
is odd, and the non-trivial bundle if n is even. □ 

2e. Parallelizability of the cobordism. In the previous section, we established that all 
the boundary components of W{L) are stably parallelisable whenever n is odd. We now 
prove that this is the only obstruction to the parallelisability of W{L). 

Recall that the parallelisability of a manifold with boundary follows from the parallelis- 
ability of its interior. Following the proof of Lemma [^H] it is easy to show that the tangent 
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space of C{L) is trivial. Indeed, let J^c{L) denote the fibred product 

(2.58) Tc{L) = F{L; /3) Xl {V{L- -/3) x D"") 

where the first factor maps to L by evaluation at 1, and the second map is given by 

(u, z) c„(z). 

Since C{L) consists of liolomorphic discs modulo parametrizations, it does not naturally 
embed in Tc{L). Nonetheless, the natural Aut(£'^, —1) bundle over C{L) embeds in J-c{L) 
as the vanishing set of the d operator 

(2.59) Be: Tc{L)^£c 

where £c is the puUback of E from T{L](3). Since Aut(Z?^, —1) is contractible, we can lift 
C{L) to this space. As with Lemma ^TM there exists an elliptic operator on J-c{L) 

(2.60) Dc: TJ^c{L)^£c- 

whose index in reduced i^T-theory agrees with the class of tangent space of C{L). 

Note that Lemma 12.31 implies that the evaluation map 

(2.61) T{L](3)^L 

is a fibration with contractible fibres. Since is contractible, we conclude that J^c{L) is 
homotopy equivalent to P(£; —(3), i.e. to a finite union of points. It follows that the tangent 
space of C{L) must vanish in reduced iiT-theory. 

The main result of this section is the following proposition whose proof we will explain 
after setting up the notation, and stating some preliminary lemmas: 

Proposition 2.18. If n is odd, then W{L) has trivial tangent bundle. 

Remark 2.19. The idea behind the proof is that J-c{L) is an infinite dimensional manifold 
with boundary, and that the map d^V {L; 0) P{L; 0) given by the inclusion of the boundary 
can be extended to a map 

(2.62) dTciL) ^ TrmO). 
allowing us to form a union 

(2.63) .Fc(L)Ua^,(i).F(L;0) 

in which we can embed iniW{L). Elementary algebraic topology implies that this space 
has the homotopy type of the wedge of L with a finite collection of 2- spheres labeled by the 
exceptional solutions. If there were a Fredholm complex over this space whose restriction to 
int W{L) agreed with the class of the tangent space, then triviality of the tangent space would 
follow from the stable triviality of the tangent space of L, together with the triviality of the 
restriction of the index class of this Fredholm complex to the 2-spheres. On the other hand, 
a choice of section of the S'^ bundles described in Lemma \2.16\ represents these generating 
2-spheres, so the triviality of their normal bundle whenever n is odd implies the desired 
result. 



We now go about implementing the naive approach outlined in the previous remark. The 
main difficulty is the fact that the natural Banach bundles over J-c{L) that one studies for 
the purpose of the gluing theorem are "much larger" than their analogues over T-p{L;0), 



EXOTIC SPHERES 



17 



and hence it seems unhkely that a Banach bundle could be defined on the union (|2.63p 
which would restrict to the original object on both sides. This problem is already familiar 
from Morse theory, where the Banach bundles over boundary strata of the moduli space 
of gradient trajectories are modeled after two copies of maps from M to M", whereas the 
interior strata are modeled after only one such copy. It is reasonable to expect that the 
theory of polyfolds (sec [H]), specifically the notion of a filler which is concretely given by 
anti-gluing in this situation, would provide a resolution to this problem that would turn the 
hypothetical discussion of the previous remark into an honest proof. We prefer to give an 
alternative proof, less general though more elementary. 

We introduce a triple of (compact finite-dimensional) CW-complexes X{L), dX{L), and 
y{L) which fit in a diagram 



(2.64) 



C(L) 



XiL) 



ML) 



■ d^C [L) = B^V (L: 0) ^ V{L; 0) 



■dX{L) ^y{L) 



V{L;0) 



■dTc{L) 



Note that we're working with the conventions of the Remark following Lemma [2. 101 so that 
the inclusion of V{L] 0) into J^v{L] 0) factors through the inclusion of 'P{L] 0) into the space 
of maps defining it. Similarly, we fix an embedding C{L) — > C{L) which is the identity away 
from a collar of d^C (L) . 

In Sections I9bl and I9dl we shall prove the our construction satisfies the following property 
(see, in particular. Lemma l9.12p : 

We can choose the triple of CW complexes above such that 

(2.65) Z{L) = X{L) yjQx(L) y{L) 

is homotopy equivalent to VuS*^ V L. 



Over each component of dTc{L) labelled by an exceptional disc u, the linearisation of the 
d-p operator gives an isomorphism 

(2.66) Dv\u: TTv{L; -P)\u £v\u. 
We define the extended d complex of J-c{L) 

(2.67) Dc: T^^*J'c(i) ^ '^r*- 

to be the direct sum of the above complex with (|2.60p . If we restrict this complex to the 
tangent space of dTc[L), we obtain the extended B complex of BJ^c{L) 



(2.68) 



Doc: T'-'dTciL) £^^'\dTc{L). 



The index of this operator gives a class in reduced iiT-thcory that restricts to the tangent 
space of dC{L). More precisely, since the inclusion 



(2.69) 



B^C{L)^dTc{L) 
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is defined by composing a section of an Aut(Z)^, —1) bundle with the inclusion of the zero 
locus of d-p, the restriction of the kernel of the operator Dgc to d^C (L) is isomorphic to a 
direct sum 

(2.70) aut{D^, -1) © Td^C (L) -^kcv Dgdd^C (L) 

where aut(£'^,— 1) is the rank 2 vector space of holomorphic vector fields on which 
vanish at 1. The above map takes such a vector field to its image under the differential of 
the holomorphic map. We will consider the decomposition 

(2.71) aut{D^,-l)^{ds)®{dp) 

where the first factor is the R-summand in aut{D^, —1) coming from translation of the strip 
after identification with — ±1 by the map ^, and the second is generated by the 
unique vector field with a zero at —1, whose value is de at 1. 

On the other side, J--p{L; 0) is also equipped with a linearisation of its d operator, which 
we shall extend in Equation (|9.47p to an operator 

(2.72) d!^'^: {de)(BTTv{L-Q)^£v, 

where {dg) is a rank 1 vector space. This vector space is to be thought of as generated by 
infinitesimal rotations of the disc. The appearance of {de) is an indication of a difficulty 
we shall face proving the gluing theorem for d'^V (L; 0). Our proof relies on applying the 
implicit function theorem in J^-p^ i(i;0) (see Corollary [53]) , rather than working directly 
with J^-p{L\Q) as one might expect. The vector space {dg) is a small remnant of this fact. 
We state a key property which shall be obvious from the construction, and which is needed 
for the statements below to make sense (see Lemma 19. 8p 

The restriction of D^"^ to 'P{L] 0) vanishes on the factor {dg). In particular, we 

(2.73) have an isomorphism 

kerCjf''^ = {dg)®TV{L-Q). 

Since the tangent bundles of 'P{L] 0) and C{L) are both trivial, the isomorphism 

(2.74) Td^C{L)^Td^V{L-Q). 

together with the identification of the normal bundles of these boundaries determines whether 
the union of V{L\ 0) and C{L) along d^C (L) = d^V {L; 0) has trivial tangent bundle. Since 
we're in the stable range, it suffices to prove that a stabilization of the tangent space is 
trivial. The next Lemma gives such a stabilization. 

Lemma 2.20. There exists a finite dimensional vector space Vz and an extension of the 
operators Dqq of Equation p.68p and D^p"^ of Equation p.72p to surjections 



(2.75) Dx: Vz ®T''''Tc{L)\X{L) ^ £^^'\X{L) 

(2.76) Dgx: Vz®T''''dTc{L)\dX{L) ^ £^c"'\d^{L) 

(2.77) Dy. Vz®{dg)®TTv,,AL-My{L)~^£p\y{L). 

Moreover, there exists an isomorphism 

(2.78) ]ieT:{DQx)\dX{L) VcT{Dy)\dX{L) 
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between the kernels of the Cauchy-Riemann operators over dX[L). If we restrict this iso- 
morphism further to d^C (L), then (j2.78p decomposes as a direct sum of the identity on Vz 
with a map 

(2.79) aut(L>2, -1) e Td^C (L) {de) © T7'(L; 0) 

which is isotopic through isomorphisms to a map satisfying the following three properties: 

The image of Td^C (L) lies in TT'{L;0), and agrees with the map induced by the 

(2.80) inclusions 

B^C (L) ^ V{L-0) ^ P{L;0). 

(2.81) The vector field dp maps to dg. 

The image of the vector field dg lies in TV{L; 0), and is an outwards pointing vector 
on the boundary of V{L;Q). 

The proof is postponed until Section [21 but we can now proceed with the proof of the main 
result of this section. 



Proof of Provosition \2.18\ The kernel of (|2.75p is a vector bundle over X{L) whose restric- 
tion to dX{L) is isomorphic to the direct sum of ker(Z?a;t') with the normal bundle of the 
inclusion D^, which is a trivial bundle. Fixing such a trivialization, the isomorphism 

of Equation (j2.78p extends to an isomorphism 

(2.83) Vcv{Dx)\dX{L) ^ VGv{Dy)\dX{L) © R. 

Extending M trivially to y{L), this isomorphism defines a vector bundle Ez on Z{L) which 
restricts on X{L) and y{L) to the two vector bundles in the above equation. 

We claim that the restriction of this vector bundle to W{L) is isomorphic to the direct 
sum of the tangent space of W{L) with a trivial vector bundle. To see this, decompose 
\LCT{Dx)\d^C{L) as 

(2.84) Vz © {d,) © {dp) © Td^C (L) © N^^l)9^C (L) 

and consider the isomorphism which acts trivially on all the factors except the rank 2 vector 
bundle (dg) © N^^^^d^C (L) on which it acts by rotation. Note that this isomorphism is 

isotopic to the identity, so the result of gluing keT{Dx)\d^C (L) and ker{Dy) ©R|9^C(L) 
by composing (|2.83|1 with this rotation is a vector bundle Ey^f^j^^ which is isomorphic to the 
restriction of Ez- 

The bundle E-^^f^^ contains a sub-bundle of rank 2 + TkVz which, upon restriction to C{L), 
decomposes as a direct sum 

(2.85) VE©out(i:»^-l) 
and on P{L; 0) as a direct sum 

(2.86) Vz © {dg) © M. 

By Equations (|2.8ip . (|2.82[1 and (j2.83p . this bundle is trivial. Moreover, the quotient is 
isomorphic to the tangent space of W{L) by Equation (|2.80p . 
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Since Z{L) is homotopy equivalent to \J ^S'^ VL by property (|2.65p . the stable triviality of 
TW{L) therefore follows from the triviality of its restriction to the spheres representing . 
This was already proved in Proposition 12.161 □ 



2f. Constructing a compact parallelisable manifold. In this section, we prove that if 
n is odd, there exists a compact parallelisable manifold W{L) with boundary L if n. The 
previous section constructed a parallelisable cobordism from L to a disjoint union of copies 
of S'^ X 5^""^. In this section, we prove that up to a connect sum with a framed standard 
sphere, every stable framing on 5*^ x 5^""^ arises as the induced framing on the boundary 
of a parallelisable 2n-dimensional manifold. By choosing such a filling, we shall prove the 
existence of a manifold W{L) satisfying the desired conditions. 

The first step is a computation in homotopy theory. 

Lemma 2.21. The space of trivializations of the direct sum of the tangent bundle of x 
^2n-3 ^j^/j Q trivial bundle of rank 1 can be identified as a set with the product 

(2.87) 7r2„_3(0(2n)) x 7r2„-i(0(2n)). 



Proof. Recall that the inclusion of 0{m) into 0{m + 1) is m + 1-connectcd, so there is an 
identification between the sets of homotopy classes of maps 

(2.88) [S^ X 5*2"-^ 0{2n)] ^ [S^ x S^"~^, O], 

where O is the direct limit of the orthogonal groups 0{m). Using the fact that O is an 
infinite loop space, a classical computation (see Theorem 4.4 of Chapter X in 23]) shows 
that [S"^ X S*^"^"^, O] admits a natural group structure with respect to which it is isomorphic 
to an extension of the direct sum 7r2(0) © 7r2n-3(0) by T^2n-i{0) . Since 7r2(0) vanishes, we 
obtain the desired result. □ 



If we fix the stable framing of S"^ x 5'^""'^ coming from the product inclusion in x 
as a basepoint, we may write every trivialization of the tangent bundle of x 5'^""'^ as 
(a, 6), with a € 7r2n-3(0) and b S ■K2n-i(0) . Since the group of stable framings of a sphere 
is non-trivial, taking the connect sum with a framed sphere acts on the set of framings on 
any stably parallelisable manifold. In particular: 

Lemma 2.22. The set of trivializations of the stable tangent bundle of S'^"^^ acts on the 
set of trivializations of the stable tangent bundle of x 5'^""'^ by the connect sum operation. 
Choosing the standard trivializations coming from the inclusion in R^" as a basepoint on 
the first set, this action is given by 

(2.89) 7r2„_i(0) x 7r2„_3(0) x ^2„-i(0) ^ ^2„-3(0) x ^2„-i(0) 

(2.90) {c,{a,b))^{a,b + c) 
in the notation of Equation p.87p . 



Among the framings of S x S , those of the form (a, 0) are pulled back from S . 

Lemma 2.23. Every trivialization of the form (a, 0) arises as the restriction to the boundary 
of a framing of the tangent space of D'^ x S*^"^^. 

□ 
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This suggests that we consider the manifold 

(2.91) X S^"-^ xV{L;~P) 

whose boundary is S*^ x 5'^"^'^ x — /3). We are now ready to prove the main Theorem 
of this paper: 

Theorem 2.24. // n is odd, there exists a choice of trivialization of the tangent space of 
W{L) which extends to 

(2.92) W{L) = W{L) U52xS--3xP(L;-/3) (D^ x ^^"-s x P{L; -/?)) . 

Proof. By Lemma [2.231 it suffices to produce a trivialization of the tangent space of W{L) 
which, upon restriction to each boundary component diffcomorphic S'^ x S*^""^ corresponds 
to a trivialization of the form (a, 0). In order to achieve this, wc pick an arbitrary trivializa- 
tion, and a collections of paths 7„ indexed by 7'(L; — /3) from L to each boundary component 
diffcomorphic S"^ x S'^"~^. For each u, the connect sum of W{L) and copies of [0, 1] x S*^""^ 
indexed by 'P{L; —fi) along the paths 7„ and [t, 1) is again diffcomorphic to W{L). 

If the induced trivialization on a boundary component 5^ x S*^"^^ is given by a homotopy 
class (a, 6), then we equip the corresponding copy of [0, 1] x 5^""^ with a trivialization of its 
stable tangent bundle induced by — & G ■K2n-i{0). After connect sum. Lemma 12.221 implies 
that the relevant boundary component S"^ x 5*^""^ will have a trivialization of the form 
(a, 0), which can be extended to ZJ^ X S'2"~3 by Lemma [2^ □ 

3. Transversality 

In this section, we discuss the proof of some of the transversality results used in the 
construction of the moduli space 7'(i; 0). Following the usual technical approach, this entails 
replacing all spaces of smooth maps or sections with appropriate Banach spaces, which will 
be Sobolev space completions except for the spaces of perturbations of the almost complex 
structure for which we shall use the Banach spaces of smooth functions introduced by Floor 
in Section 5 of [5]. We begin by checking that our requirements on the Lagrangian L can 
be realized after appropriate perturbations. 

3a. Detail of setup. We fix the embedding of L as follows: 

Lemma 3.1. After an arbitrarily small perturbation of the Lagrangian embedding L C M , 
the following properties can be assumed to hold: 

(1) all the moduli spaces of Ji^ig-holomorphic discs with boundary on L in class fc/3 are 
regular if k < 1, and 

(2) L is a real analytic submanifold. □ 

In fact, the moduli space of Jaig holomorphic discs in class k(3 is automatically empty 
if fc < since lo integrates to a negative number on curves of this class; the existence of 
holomorphic curves in such classes would contradict positivity of energy. The same argument 
shows that Jaig holomorphic discs in the trivial homotopy class are constant, and constant 
discs are automatically regular. 
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Since (3 is not divisible, all holomorphic discs in class (3 are necessarily simple (see [01IT5] ). 
In [16| , Oh proved that the moduli space of simple holomorphic discs is regular for a generic 
choice of L. Since the space of real analytic cmbcddings of a Lagrangian submanifold is dense 
in the space of smooth cmbcddings, the second property can be simultaneously achieved. 

We've assumed real analyticity only in order to conclude the following result, which can 
likely be proved under the weaker conditions (see Lemma 4.3.3 in [14j ) 

Corollary 3.2. There exists a metric g on M satisfying the following conditions 

(1) L is totally geodesic with respect to g, and 

(2) g is a hermitian metric for the standard complex structure Jaig, and 

(3) There exists a neighbourhood of L which admits an isometric anti-holomorphic in- 
volution preserving L. 

Proof. First, note that M has holomorphic charts near every point of L which map real 
points to L (See, for example. Lemma 2.2 in [13]), so that M admits a holomorphic 
anti- involution defined near L. Consider a real analytic embedding of L in M.^ for some 
sufficiently large TV, which automatically extends uniquely to a holomorphic embedding 
of a neighbourhood of L. The uniqueness of the extension implies that the embedding 
of this neighbourhood is equivariant with respect to the Z/2Z action which acts anti- 
holomorphically on the source and the target. The pull-back of the standard metric gives a 
metric g in a neighbourhood of L satisfying the desired conditions. Indeed, local geodesies 
must be invariant under the holomorphic anti-involution, so must lie on L, which implies 
that L is totally geodesic. One can then extend g arbitrarily to a hermitian metric on the 
rest of M. □ 

Remark 3.3. Let us briefly explain the reasons behind this choice of metric: Consider a map 
u: M which takes the boundary to L, and X a T M -valued vector field along u with 

boundary conditions on TL. The first property satisfied by g implies that the exponential map 
applied to X gives a new map with boundary on L. This will be used to construct charts for 
a Banach manifold T^'P[L) of maps from to M with L as boundary conditions, replacing 



To study holomorphic discs, we will also have to construct £p(L), a Banach bundle over 
!F^'P{L) with fibres sections of u*{TAI) ^'^'^D^ and eventually a linearisation of the 



This entails choosing a connection which preserves the almost complex structure. Since 
the Levi-Civita connection of an almost hermitian connection preserves the almost complex 
structure, the choice of metric above determines a choice of linearization D which can be 
expressed in a relatively simple form in term of the Levi-Civita connection. 

Finally, the fact that a neighbourhood of L admits an anti-holomorphic involution implies 
that we may double maps with boundary on L, whose image is contained in this neighbour- 
hood, in order to obtain closed holomorphic curves. Ln particular, decay estimates for the 
C^-norm of holomorphic cylinders of small energy will easily imply the analogous result for 
holomorphic strips with Lagrangian boundary conditions. 



HL). 




D: TT 



■i'P(L) £P{L). 
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3b. Varying almost complex structures. Recall that J is the space of almost complex 
structures compatible with the symplectic form and which agree to infinite order with 
•^aig on the boundary of M. Let e = {ek}kLo be a sequence of positive numbers, and define 
de{D^) to be the space of maps from to d which can be written as 

(3.2) J (z) = Jaig exp(- JalgX(z)) 

where Jaig is the standard complex structure on AI and K is a map from to the space 
of smooth cndomorphisms of the tangent bundle of M 

(3.3) K : End{TM) 
satisfying the following conditions 

(3.4) A'(z) vanishes if |z| > 1/2 

(3.5) K{z) vanishes to infinite order on the boundary of M 

(3.6) K{z) anti-commutes with Jaig and lo{K{z)v, w) = uj{v, K{z)w) 

(3.7) K is bounded in Floer's norm 

(3.8) uj is positive on every J{z) complex plane. 

For the penultimate condition, we now think of -RT as a section of a bundle over x M, 
and require the convergence of the sum 

oc 

(3.9) ^efel-D^'i^l, 

fc=0 

where [/J'^A'! is the supremum of the norm of the higher co- variant derivatives of K thought 
of as sections of bundles over x M. These derivatives can be taken, for example, with 
respect to the Levi Civita connection of the metric g on M introduced in the previous 
section. 

Remark 3.4. The requirement that K{z) vanish for points whose norm is larger than 1/2 is 
completely arbitrary; vanishing outside any open pre- compact subset of the open disc would 
have served us just as well for our later purposes. 

The space of sections K satisfying Conditions (|3.4p - p.7p is a vector space on which 
defines a complete norm. Since ||_||e is stronger than the pointwise C°-norm, the remaining 
condition (|3.8p is an open condition, proving the fact that de{D^) is a Banach manifold. 

A slight generalization of Floer's Lemma 5.1 in [S] implies: 

Lemma 3.5. If e decays sufficiently fast, then 3e{D^) is a Banach manifold (in fact, an 
open subset of a Banach space) which is dense in an neighbourhood of the constant almost 
complex structure Jaig € d{D^)- 

□ 

For any class k/3 G tt2{M,L), we replace T{L;k(3) with T^'P{L; kjS), the space of W-^'P 
maps in homotopy class fc/3 from to M with boundary values on L for an integer p which 
is sufficiently large. The Sobolcv embedding theorem implies that this class of maps is 
continuous, so that the requirement that the boundary lies on L makes sense. The tangent 
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space is naturally a Banach bundle whose fibre at a map u are W^ ^ sections of the pullback 
of TM whose values are restricted to TL on the boundary, i.e 

(3.10) TuT^^P{L; k(3) = W^'P {{D^,S^), {u*TM, u*TL)) . 

As in Equation (HI]), we write k(3) for the product of T'^'P{L; k(3) with [0, +oo). 

We consider the Banach bundle 

(3-11) ^3e(-D2)x7' 



whose fibre at a map {3,R,u) arc sections of the space of complex anti- linear 1-forms 
on valued in TM equipped with varying almost complex structure J{z): 

(3.12) LP {u*iTM)(»c,J^°'^D^) . 

To describe £^ (d'^)xv ^ Banach bundle, we must identify the vector spaces (|3.12p for 
nearby maps and nearby points of 3e{D^)- In the simplest case, starting with a deformation 
J{z) of Jaig as in Equation (|3.2p and a vector field X along a map u G T^'P{L; k/S), we 
define 

LP {u*{TM) (g.c,j,,^ 9P'^D^)^LP {u*^{TM) ®cj 

y^(n:ri^)cxp(Jaigi^(z)) 

Here, 11 denotes parallel transport, from u to ux, with respect to the Jaig-complex linear 
connection determined by g. We multiply by exp( JaigA'(z)) because the complex tensor 
product in the right hand side is performed with respect to J(z), rather than Jaig- 

The d-p operator of Equation (j2.10p extends to a section 9g,(_D2-)xp of (j3.11|) where the 
(0, 1) part of du — 7_r CE) Xh is taken with respect to the varying almost complex structure 
J(z). By using the connection V induced by the metric g, we may write the linearisation 
of this operator at a zero of the form ( Jaig, u) as an operator Dg^(£)2)x-p given by: 

(3.13) TUD'-) X TT]:;P{L) ^ Sl^j,.)^^, 

(A', 0, 0) i-> if o {du - -fR ® Xh) o j 



(0, dR, 0) ^ \^-^ ® Xh 
(0,0, X) ^ {VX - 7^ VxXnt^ - l:J.is^xJ.iedv{R,u), 



where the operator d-p is 

(3.14) dp{R,u) ^ {du~-fR(g)XH)^'" . 

Given a point z G such that \z\ < 1/2 and a positive number p < 1/2 — |z|, we introduce 
the subspace de{Bp{z)) C 3e{D^) consisting of deformations supported in a disc of radius p 
about z. 
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Lemma 3.6. The restriction o/ Dg^(£)2)x-p to 

(3.15) TSeiBpiz)) X TT]^'P{L) 

is surjective at every zero o/9g^(£)2')x-p- In particular, the universal moduli space 

(3.16) Vki}{L,^,{D'')) 
is a smooth Banach manifold. 

Review of proof: By a strong version of the maximum principle, no solution of Equation 
(j2.6|) can be tangent to the boundary. Such solution therefore lie in the interior of M 
where elements of 3e are allowed to differ from the standard complex structure. Indeed, 
the boundary values of our maps are constrained to lie in L, hence the projection of the 
boundary values lie in the ball wherein K is allowed not to vanish, and the fact that K(z) 
vanishes to infinite order on the boundary of M together with the maximum principle for 
Jaig imply that no interior point can map to dM. 

The proof now only relies on the fact that Floer's Banach manifold de{Bp{z)) allows suf- 
ficiently many deformations to obtain surjectivity. This is a standard fact, which relies 
essentially on allowing the almost complex structure on M to vary depending on the point 
in the Riemann surface, and on our assumption that e decays fast enough for density in 
to hold as in Lemma 13.51 (see [7] for using circle dependent almost complex structures to 
break symmetry in the example of a cylinder). □ 

Corollary 3.7. If S{L]kj3, Jaig) is regular, then a generic family 3 ~ {Hr G d eiD"^)} Re[vi,+ oo) 
starting at Jo = Jaig defines a parametrized moduli space 

(3.17) V{L;kl3,J) 

which is a smooth manifold of the expected dimension with boundary S{L; fc/3, Jaig)- 



Proof. Thinking of J as a smooth map [0, +oo) 3e{D'^), we see that P{L; k(3, J) is a fibre 
product 

(3.18) [0,+cx)) xg^(c2)x[o.+oo)7'(i;fc/3,3.(i?')). 

The regularity assumption on S{L; fc/3, Jaig) is equivalent to the fact that Jaig is a regular 
point of the projection V{L; kP,3e{D^)) ~* 3e{D^) x [0, +oo), so the result is a standard 
application of Sard-Smale. □ 



We now prove that for a generic choice of J, the other strata of 'P{L; 0, J) are also smooth 
manifolds, in preparation for the proof that 'P(L;0, J) is a smooth manifold with corners. 
Again, the results we need are standard, and some form thereof already appears in the 
literature: 

Lemma 3.8. The evaluation map 

(3.19) Po,i(i;-/3,J) 

for a generic path J starting at the constant almost complex structure Ji^g is transverse to 
So,i{L; /3, Jaig) —>■ L. 
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Proof. One starts with the evaluation map on the universal Banach space 

(3.20) VoAm-PJeiD^)) ^ L 

of discs with one marked point which are the zeroes of 9g,(Li2-)x-p in homotopy class — /?. 
We shall prove in a moment that this map is a submersion near the constant family Jaig- 
Assuming this, a standard application of Sard-Smale implies that a generic path J of almost 
complex structures in 3e{D^) defines a moduli space Vo^i{L] — /3, J) whose evaluation map 
to L is transverse to any fixed smooth map into L; in our case, the evaluation map from 
5o,i(i; /?, Jaig)- The fact that JV{L; — /?, J^igiH, 70) is empty implies that we can choose this 
path to start at Jq = "^.ig- 

It suffices therefore to prove that the universal evaluation map of Equation (|3.20p is a sub- 
mersion. This is equivalent to proving the statement that the restriction of the linearisation 
of the Bh operator to 

(3.21) Tj.^J,{D^) e W''P{{D^,S\z), {u*TM, u*TL, 0)) 

is surjectivc if z lies on S*^, u is a solution to Equation (|2.6p for D^-dcpendcnt almost 
complex structure Jaig, and the second summand is the space of vector fields along the 
image of u with boundary values on TL, and which altogether vanish at z; note that it is 
a codimension n subspace of TT^'^^L; P). We refer the reader to Lemma 2.5 of [21] for a 
proof of this result. □ 



The next Lemma is a technical result which allows us to be careless in keeping track of the 
parameter R when discussing exceptional solutions. 

Lemma 3.9. For a generic path J the maps 

(3.22) P{L;~P, 3) ^[0,+oo) 

(3.23) P{L;^(3,J)^J^'^P^L;-(3) 
are injective. 

Proof. The proof of the two injectivity statements are essentially the same; we shall only 
discuss the first. Starting with any path J such that P{L; —/3,3) is regular, we show that 
the generic nearby path satisfies the desired condition. For simplicity, our Banach space 
shall be the space of C'' paths from [0, +00) to 3e{D^)- 

Note that there is a neighbourhood U{J) of J such that the projection map 

(3.24) V{L;~f],U{J))^U{J) 

is a trivial fibration, say with fibres of cardinality d which wc trivialize. The projection from 
P{L; — /3, U{J)) to [0, +00) defines a map 

(3.25) U{J) ^ [0,+oof. 

We will prove that this is a submersion, which implies that a generic point in the fibre 
projects away from the diagonal, proving the Lemma. 

We write {ui}f^^ for the elements of P{L; —(3,3). We can apply the unique continuation 
lemma (for example Lemma 2.3.2 of [14]) by passing to the produce x M, and using 
Gromov's observation that one can construct an almost complex structure on x M 
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(which tames but is not compatible with the symplectic form) such that Equation (|2.10|1 is 
equivalent to the holomorphic curve equation for section of the projection x A/ — *■ D^. 
As a consequence, distinct maps w.j can only agree at finitely many point. In particular, 
there exists a point z of norm smaller than 1/2 such that Ui{z) ^ Uj{z) whenever i j. 

An inspection of the proof of Lemma 13.61 shows that there exists a perturbation Ki which 
is supported in a neighbourhood of {z,Ui{z)) G x M that docs not intersect the image 
of Uj for i ^ j, and a vector field Xi such that 

(3.26) 7^pxg^(,,2)(i^,afl,,X,)|(fl.,„„j„j = 0. 

Any perturbation K which agrees with K at Ri and is still supported in a small neigh- 
bourhood of (z, u,;(z)), gives a tangent vector to t/(J) whose image under the differential of 
p.25p has all components vanishing but one, proving the desired result. □ 

The last transversality result concerns sphere bubbles for which we will need more control 
in later arguments. Wc begin with the elementary result: 

Lemma 3.10. The moduli space of Jaig holomorphic spheres in classes ka is regular if 
k < 1. Moreover, the evaluation map 

(3.27) A^i(M;/3,Jaig)^M 
is a submersion with fibres diffeomorphic to CP"^^. 

□ 

Over the Banach manifold with boundary 

(3.28) D'^ X 2eiD^) 

there is a Banach manifold which we denote A4i (M; f3, x 3e{D^)) whose fibres at a fixed 
Jfl G 3e(-D^); is the union 

(3.29) H Mi{M;P,J,,r) 

zeD^ 

of the moduli spaces of holomorphic spheres with one marked point for one of the almost 
complex structures Jz,r- The space A4i [M;(3,D'^ x 3e{D^)) carries an evaluation map 

(3.30) Ml (M; f3, x 3e{D^)) x 3e{D^) x M. 

Lemma 3.11. The evaluation map (|3.30p is a proper submersion in a neighbourhood of 
X {J&ig} X J^T In particular, if we choose 3 to be sufficiently close to the constant family 
Jaig, then for any R G [0, +oo), and any map u: — > AT , we have a diffeomorphism 

(3.31) A^i(A/;/?, Jaig) XmD' - [] Mi{M;I3,J,^r) Xm^d- 
which is canonical up to diffeotopy. 

Proof. Consider a sequence Vi of J^-holomorphic curves in class (3 where Ji converges to 
■^aig in 3ei hence in the C°°-topology. By the Gromov compactness theorem, a subsequence 
must converge to a configuration of Jaig-holomorphic spheres the sum of whose homology 
classes is (3. Since the moduli spaces of holomorphic spheres arc empty for homology classes 
kl3 with fc < 0, the only possible limit is an honest Jaig-holomorphic sphere in class j3, which 
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proves properness. The fact that the map is a submersion in a neighbourhood of { Jaig} x M 
is now a simple consequence of the impUcit function theorem and the previous Lemma. □ 



4. Preliminaries for gluing 



In the remainder of this paper, we construct manifolds with corners from the Gromov 
compactifications of various moduli spaces. The analytic ingredients are gluing theorems, 
and our approach follows as closely as possible the one used in Fukaya, Oh, Ohta, and Ono's 
book [9] ; the only significant difference is that they use obstruction bundles to reduce their 
gluing theorem to one where all marked points are fixed. Having to allow a varying marked 
point is the main reason why we have not sought to prove that the Gromov compactification 
itself is a smooth manifold with corners. 



4a. Sobolev spaces with exponential weights. Fix a Riemann surface E with k interior 
marked point pi and I boundary marked points qj . We choose positive strip-like or cylindrical 
ends at the marked points, i.e. embeddings 

(4.1) Cp.: [0,+oo)x[-l,+l]^S-{p,} 

(4.2) e,^: [0,+<x)xS' ^^-{q,} 

which at infinity converge to the labeling marked points. When discussing gluing, it is useful 
to allow negative ends, but since the analytic treatment is the same, we restrict to positive 
ends for now. We begin by introducing Sobolev spaces of functions with exponential decay 
along these ends. 

Definition 4.1 (Definition 29.3 of 0). Let 

denote the space of continuous maps u from E to M mapping dT, to L which are locally in 
W^'P and such that the integral 

(4.3) J {\d{uo^^)\P + dist{u{l),ui^r{s,t))P)e^P^'^dsdt 

is finite for each end converging to an interior or boundary marked point r. 

Remark 4.2. Note that the class of maps satisfying (|4.3p is independent of the chosen 
metric on the target. This follows from the fact that the image of any such map lies in a 
compact subset of M , and that the distortion between two metrics in a compact domain is 
bounded. 

Our first goal is to prove that this is a Banach manifold. If E is a strip or a cylinder (or 
more generally a half-strip or half-cylinder), we consider the norm 

(4.4) \X\i^p.s^ J |X|e*Pl"lds(it + J iS/Xle^P^'^dsdt 
on vector fields which vanish sufficiently fast at infinity. 

More generally, we pick a metric on the complement of the marked points 

(4.5) S-[Jfe}-II{*} 
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which on the image of each end ^ agrees witli the push-forward of the standard metric on 
the half-strip or the half-cyhnder. 

Definition 4.3 (Sec Lemma 29.5 of [9]). If u £ ^l^fp.^ {q})^'^^' ™^ define 

(4.6) Wl£ll^^^^^^{u*TM,u*TL) 

to be the space of locally W^'^ sections of u*TM whose values on 9S lie in u*TL and which 
are bounded with respect to the norm 

(4.7) |X|i.p,5 = |^|s-u.im(e.)|i,,+ E + 

re{p^}yJ{qi} 

where n^°^j^ is the parallel transport map with respect to the Levi-Civita connection of the 
metric on M from the constant map with value u{r) to w(^r(s,i)) along the image of hori- 
zontal lines on the strip or the cylinder. 



In upcoming discussions, it will be useful to have a shorthand notation 1^ for the domains 

[S,S') X 

Lemma 4.4. Vector fields in {q }) {u*TM, u*TL) satisfy a uniform decay condition 

towards their value at the marked points, e.g. if r is a boundary marked point with a positive 
strip-like end, there exists a constant C independent of X and S such that 



(4.8) 



sup 



n"?«:x(r) 

u[r) \ / 



< Ce 



-ss 



X 



l,p,5 



Proof. For specificity, we assume that r is a boundary marked point. A straightforward 
computation shows that there is a constant cq depending only on u such that for any vector 
field Xz in {{u o £,r)*TM, {u o ^r)*TL)), 

11 Q 



(4.9) 



Xz 



< 



Co \Xz\i^p^s ■ 



Note that all strips 1^°° are isometric, and moreover, the curvature of the Levi-Civita 
connection V on u o ^^(15°°) is uniformly bounded. In particular, the Sobolev embeddings 

(4.10) W';l {{u o CrTTM, {u o ^rVTL)) ^ {{u o e,)*TM, {u o ^rTTL)) 

admit a uniform Sobolev constant Cp that is independent of S. Combining this with (|4.9p . 
we conclude that 



Xz 



< CCp 



(4.11) 

which proves the Lemma upon setting 

(4.12) X2=XoC.-n:?«:x(r). 



□ 



The closed finite codimension subspace of W^^'^^^ y {u*TM, u*TL) consisting of vector 
fields which vanish at all marked points is likely to be more familiar to the reader, and is 
what most people would refer to as the "Sobolev space with exponential weights." Such 
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spaces are used to model moduli spaces of holomorphic maps which take the marked points 
{pi} and {qj} to fixed points in AI and L respectively. 

It is easy to use the finite codimcnsionality of this inclusion to study the vector space 
'^{'s fp } {<j })("*^-^' ^*^-^)- particular, as with the usual Sobolcv spaces with expo- 
nential weights, W^^'^p y y^{u*T AI , u*TL) , as a topological vector space, is independent 
of the choice of metric. More precisely, the norms coming from two different metrics are 
equivalent. This is particularly useful for the next result, in which we assume that we've 
chosen a metric for which i is a totally geodesic submanifold. 

Lemma 4.5. ^^-^'^p.j {g })(-^) Banach manifold locally modeled after the Banach space 
Sketch of Proof: We omit the elementary pr oof that W^^s^jp^} 

is a Ba- 
nach space. To prove the lemma, we embed {AI,L) C (C^,R^) for a sufficiently large N 
such that AI D M.^ = L. Since Condition (|4.3p is independent on the target's metric, and 
^{s 'ip } {g })("*^^-'^''"*^-^) embeds into by the Sobolev Lemma, ^f^^'^p.j {q is the 

closed subset of the Banach space W^^'^^ y j^(C^,M^) consisting of maps whose image 
lies in AI. 

To build the chart associated to a map u G ^(^fp.y {g })(^) pick a metric on C^, which 
is totally flat near the image of all marked points, and such that AI, and L arc both totally 
geodesic. Consider the exponential map 

(4-13) Wl-fp^y^^^^y^iu*TAI,^.*TL) ^ ^^f,,^,,^.,, W C 

(4.14) Xy-^ux=cxpjX). 

It is easy to check using the flatness of the metric near the image of all marked points that 
Condition (|4.3p holds for ux if the norm of X is sufficiently small; i.e. that the map is 
indeed well defined. To prove that the restriction of the exponential map to vector fields 
of sufficiently small norm is a smooth bijection onto a neighbourhood of u, one can easily 
combine the estimates that go into proving the analogous results for compact manifolds with 
elementary computations near u(j)i) and u{qj) for interior and boundary marked points. □ 

Given a family of almost complex structures J = {Jq}q<=j: on AI parametrized by point in 
S, together with a map u E -^{ii ip } {g })(^)' 

(4.15) Lll^^^y^^^^y^{u*TM^cn°^'D') 

denote the space of section of u*TM ®c f2°'^I?^ which are bounded in an L^'^ norm which 
we will define presently. It is convenient to first introduce the function 

(4.16) : S - ]\{p,] - ]\{qi} ^ [1, +w) 

which is identically equal to 1 on the complement of the ends, and which is given on each 
end by 

(4.17) Ks,5oe.(s,i) =e*>l^l. 
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With this bit of notation, we set 

(4.18) \Y\p^s = ^ |y r^s,*) = |r |s-u.i„,(e,) I + E 1^ ° ^r\p,s 

where the integral is performed with respect to the previously chosen metric on S that is 
cylindrical on the ends, and the pointwise norm of Y is induced from the metric on M and 
(again) the metric on S. 

Choose a family of metrics gq on AI parametrized by g G S which are almost hermitian for 
the almost complex structures Jg, and for which L, whenever q £ 9S, is totally geodesic. 
Given X G wJ-J'f , . , (u*TM, u*TL), we obtain an identification 

(4.19) LPl^^^^^^^^y^{u*iTM) n"^'D^) ^ LP^'{u*^{TM) ®c ^°'^D^) 

(4.20) y^^n^j^r, 

where 11"^ is, at each point q G Y,, given by parallel transport along the image of the 
exponential map u{q) to ux{q), with respect to the complex linear connection 

(4.21) V = V-ij,VJ, 

where V is the Levi-Civita connection associated to gq. We omit the proof that 11^-'^ respects 
the exponential decay condition, as well as that of the following result: 



Lemma 4.6. The isomorphisms (|4.19p define a Banach bundle 



whose fibre at u is 

'"(S,{p.},{g,}) 



(4.23) L^^,.,.Ju*TM®cn°-'Y)- □ 



Given any holomorphic map 

(4.24) u: (i;,aS) iM,L) 

there exists some i5 such that u € ^^■^{p }{q })i^)- fact, since u is smooth on the 
boundary (see Theorem B.l of [13]), any i5 smaller than 1 will do. The d operator defines 
a section of (|4.22p which is always Fredholm, and whose zero set is the moduli space of 
parametrized maps. Moreover, if (5 < 1, we have an identification between the kernels and 
cokernels of the linearisation of d as an operator on the weighted Sobolev spaces ()4.22p and 
on the standard unweighted Sobolev spaces. For the kernel, this follows from the inclusion 

(4.25) Wl£f^^^^^^^^^{u*TM,u*TL) C W^'^ {u*TM,u*TL) 

and the fact that the kernel of Dg on W^''P{u*TM, u*TL) consists only of smooth functions; 
i.e. functions which decay in any C'^-norm at least as fast as along the strip-like end. 
The same argument, applied to the formal adjoint, proves the result for the cokernel. We 
conclude: 

Lemma 4.7. If Dg is surjective on the unweighted Sobolev spaces, then it is surjective as 
an operator on (|4.22p for every S < 1. 

□ 
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From now on, we shall assume that we're working with a fixed 5 which is extremely small; 
say smaller than 1/4. 

4b. Pre-gluing near the codimension 1 stratum. Recall that the codimension 1 strata 
of V{L) are the components of 

(4.26) Poa(i;-/3) xl5o,i(L;/3). 

We will respectively write Tr-p, tts, and ttl for the projections to Vo.iiL] — /3), So^i{L; f3), and 
L. 

We first show that there arc embeddings 

(4.27) SoAL;f3)cJ'l^/_,^{L) 

(4.28) PoAL; -/3) C T^'fiL) ^ [0, +^) x x tIS(^^{L). 
In order to do this, wc must pick strip-like ends. For concreteness, we fix 

(4.29) e-i:l"oo-^' 

such that ^_i(0,0) = —1/2, which determines the map uniquely if we require it to extend 
to an isomorphism 

(4.30) itZ -'D^ - {±1}. 
We also fix a positive strip-like end at 1 

(4.31) 

which we will require to map the origin to 1/2, and again to extend as in (j4.30p . 

The first embedding can be constructed as follows: the d operator for Jaig defines a section 
of 

(4.32) £l-^,_^^{M)^Tl'Sil^^{L). 

By Lemma 14.71 the zero locus of d is the set of (parametrized) holomorphic maps from 
the disc; those in homotopy class (3 form an Aut(£'^,— 1) bundle over iSo,i(i;/3). Since 
Aut(D^,— 1) is contractible, this principal bundle admits a section. In Section [Sal we 
shall specify the behaviour of this section away from a compact subset of iSo,i(ij; /?). The 
composition gives the desired embedding claimed in (j4.27p . 

Concerning (|4.28p . we have a Banach bundle 

(4.33) £^^1{M)^T}^:-^{L), 

by puUback from T^^2^^^{L), whose fibre at {R,9,u) consists of TAZ-valued 1-forms on 
which arc anti-holomorphic with respect to the family of almost complex structures 

(4.34) Jo,B = {Jrez,B}z£D'^ 

where we denote rotation by angle 9 by 

(4.35) re: D'^ . 

We construct a section of (|4.33p by composing d-p with rotation by 9: 

(4.36) Bp,,: {R,e,u)^{du^-ie.,R®XHf'\ 

where the (0, 1) part is taken with respect to Jg^R and 7e,_R is the puUback of 7^ by rg. 
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Rotation by 9 gives a bijcction 

(4.37) T'o.il^;-/?) X 5' 

(i?,6l,u) ^ {R,uor^g,e). 

where Vo.iiL; —(3) is the zero set of B-pg-^. Embedding the source and the target within 
the space of all smooth maps by elliptic regularity, we conclude that this map must be a 
diffeomorphism whenever both spaces are regular. Since the bundle (j4.33p is defined by 
puUback from the factor T^^2^_^^{L), and the section d-p„ ^ differs from the puUback of B-p 
only by reparametrization, we conclude, 

Lemma 4.8. If P{L; --(3) is regular, then d-pg ^ is a transverse Fredholm section of (|4.33p 
and (|4.37p is a diffeomorphism. 



Combining the linearisations of the two Cauchy-Riemann operators with the evaluation 
map to L, we define a Fredholm map of Banach bundles 

(4.38) -^ITTl^il^^iL) e 7r^T.F^;^f (L) 

( Dq \ 

— (icv_ dev-i- 
V Dp„ , ) 

TT^ff^, _,)(M) ® TTlTL © 7r^£:^„^^(A/). 

Here, Dg and D-p^ ^ stand respectively for the linearisations of d and dp^ ^ , and the evaluation 
maps ev± take place at the marked points ±1 G D^. 

Lemma 4.9. The requirements imposed in Equations p.lSp . (j2.25p . and (j2.27p . imply that 
the map (|4.38p is surjective. 



Proof. Conditions (|2.18p and (|2.25p imply that Dq and D-pg ^ are surjective, while Condition 
(|2.27p implies that the images of d cv± , restricted to the kernels of Dq and Dp^ ^ , span 
TL. ' □ 



Restricting (|4.38p to the kernel of the map to TL, i.e. to those pairs of vector fields whose 
values agree at the marked points, we have a surjective Fredholm operator 

(4.39) ^*sT:FljPil,^ {L) ®TL n*^TT^Pf{L) 

_( Dq \ 

''^'"'"^"'"l Dp„ ^ I 



So simphfy the notation, we write T T]^f^^^^^^{L) for the the source of (|4.39p . as well as 
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For the purpose of proving the gluing theorem, we shall consider a bounded right inverse 

(4-40) Qa^nL-,^ : (M) - T^^f4,^„^ (L) 

to (|4.39p . Such a right inverse exists because (|4.39p is a Fredholm map. 

Remark 4.10. In Equations (jS.ip and (|8.18p loe constrain our choice of right inverse 
Qd^V{L-o) certain subsets ofd^V{L;0), but for now, our choice of a right inverse is only 
required to be smooth. 



-AS 




-2S 



2S 





Figure 2. 

4c. Pre-gluing maps. Given 5* G [0, oo), we consider the surface (sec Figure [2]) 

(4.41) S5 = (i?^l)#5(^^-l) 

obtained by removing ^(ijg") and ^_i(ll^) from two different copies of the disc, and 
identifying the remaining parts of the strip-like ends using the map 

(4.42) {s,t) ^ {s-4S,t). 
For each Sq < AS, we shall write 



(4.43) 



v.s 

'So ■ 



t^) ^ S5 and 4f : - C-i(I^°^) ^ 



for the two inclusions into E5. The images of l^A and t^i cover 



Note that 



'-AS 



extends to a unique biholomorphism from to Es, whose inverse we 



denote by 

(4.44) 0s: Es-^D^ 

Assuming that 6*0 < 4S', we restrict ^1 to Iq", and compose with L^g^ , to obtain an inclusion 



(4.45) 



5'o . ttS'o 



Symmetrically, we shall also consider the composition of Lg'^ with the restriction of to 
I*?. So which we denote by 

(4.46) 



So 
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The most important case occurs when 5*0 = 45, and it will be convenient to shift the domain 
'^^ '^S^ ° ^1^ ^^'^ translation 

(4.47) T2s{s.t) = {s + 2S,t) 
to obtain a map 

(4.48) es,n = o T2S ■■ l%s ^ 
whose image we shall refer to as the neck of S5. 



Having glued the domains, we now define a "pre-gluing" of maps. First, we fix a smooth 
cutoff function 

(4.49) x- IR-> [0, 1] 

which vanishes for s > 1 and equals 1 for s < — 1. Given real numbers 5'+ and S'_ and 
Sq S [iS-, S^], we shall slightly abuse notation and write xso f'^i' the function 

(4.50) xSo : ^ [0' 1] 

(4.51) xSo{s.t) = x{s'So) 
without keeping track of the domain. 

For a compact subset 

(4.52) Kcd^V{L;{)), 

there exists a positive real number Sk sufficiently large so that for any pair (m, 0, v) G -ftT, 
the images of u o ■^1(15^) and v o ^_i(I'^^^) are both contained in a geodesically convex 
neighbourhood of u(l) = v{—l). Moreover, writing i?„ for the image of u under the pro- 
jection of Vq.i{L; — /3) to [0, +00), we may also assume that Sk is so large that the image 
of ^(Ig^) does not intersect the union of the disc of radius 1/2 about the origin with the 
support of 76(,_R„ for any € S^. In particular, the almost complex structure and the metric 
on M are independent of the point on the neck, and agree respectively with Jaig and g. 

Lemma 4.11. The d-pg ^ equation on the image 0/^1 (ij^) reduces to the usual B equation 
with respect to the complex structure Jaig- 



If S* > Sk we define a map 

(4.53) Ss ->M 
as follows 

'PS s s 

• The compositions u^s^ ° ''25'- 1 ^^'^ "#5^ ° '-25-1 respectively agree with the re- 
strictions of u and v. 

• On the image of £^f^, we define u^sv by considering its composition with : 

(4.54) w#5i; o EE exp„(i) (x2S-i ■ exp^(\j [u o ^1)^ , 

where exp^^j^-j is the exponential map from the tangent space of L at u(l). Note, in 
particular, that the image of {25*} x [—1, 1] under this map is constant, and agrees 
with u{l). In other words, we restrict w o ^1 to Iq"^, use the exponential map to 
pull back to the tangent space of u(l), then rescale the corresponding image by the 
cutoff function x(s — 25* -1- 1), and finally push back using the exponential map. 
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• On the image of we analogously define u^sv as follows: 

(4.55) u#sv°C^i = exp„(_i) (^(1 - x~2S+i) ■ exp~i^_^^{v o , 
remembering, of course that = ^(1)- 

Defining 

(4.56) ^^;f^ (L) = S^ X T]i'P{L) = [0, +oo) x 5^ x T^-p{L), 
we consider a prc-gluing map which records the angle 6 ^ 

(4.57) preG : Kx[Sk, +oo) ^ T^^^ (L) 

(4.58) preGs(?/, 0, v) = 0, (u#sz;) o 

By composing this map with rotation by 6 and projecting to !F^'^{L) in the product 
decomposition of Equation ()4.56|) , we obtain a map 

(4.59) preG: K x [Sk, +oo) ^ T^''P{L) 

(4.60) prcGs(u, 0, v) = (u#s«) o o r_e) . 
Lemma 4.12. The pre-gluing map preG is a smooth embedding. 

Proof. Our construction using smooth cut off functions, and the fact that a holomorphic 
vector field cannot vanish on any open set. readily imply that prcG is an immersion. Given 
an element (u,6,v) G A', the unique continuation theorem for holomorphic maps implies 
that, in the complement of the disc of radius i, preG5(u, 6*, w) has isolated critical points 
away from a unique semi-circle with cndpoints on the boundary, which is the image of the 
arc {25} x [—1, 1] under the composition of the strip ^5 ,1 with the bi-holomorphism 05 and 
rotation by angle r^g. The position of this semi-circle uniquely determines S and 9. 

Consider another element {u',6,v') £ K such that prcGg{u' ,9,v') — picGg{u,6,v). In 
particular, the pairs {m, u'} agree on an open set which includes the support of the pertur- 
bation K of Jaig and of the forms je,R and je.R'-, so by the unique continuation theorem 
applied to the complement of this support u and u' agree. 

Note that the images of the pairs {v,v'} also agree on an open set, so by the unique 
continuation theorem, the two holomorphic maps must be agree up to parametrization. 
Moreover, the previous result implies that v{—l) = u(l) = w'(— 1). Having chosen unique 
representatives under the equivalence class induced by the action of Aut(I?^, — l),v and v' 
must in fact agree on the nose. □ 

The fact that u and v are smooth on implies that the distances to w(— 1) = w(l), as 
well as the norms of du and dv, decay exponentially along the strip-like ends of u and v. 
The definition of u^s^ using cutoff functions therefore implies 

Lemma 4.13. The C^-norm of the restriction ofu^s'f to the neck decays exponentially: 

(4.61) h#s^;°^s,„|l!^Mci =0(e-^). □ 
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5. Construction of an extended gluing map 

In this section, we prove the existence of a gluing map from K x [5*, +oo) to Vo,i{L; 0) for 
S sufficiently large, which will be shown in later sections to satisfy the required surjectivity 
and injectivity properties. More precisely, we shall embed K x [S, +oo) as the zero section 
of the pull back of the kernel of D-p^ ^ under the pre-gluing map preG. After restricting to 
vectors of norm bounded by a constant e wc shall construct a map 

(5.1) Ge-. weGkei;D-p„,, ^PoAL;0), 

by applying an implicit function theorem to the operator D-p^ ^ on J'-p^^ {L; 0) equipped with 
appropriate norms. The usual procedure of constructing a gluing map is performed chart 
by chart; this is essentially equivalent to restricting to one of the fibres of prcG ker^ Dp^ ^ . 
The new problems to consider concern the study of the behaviour of this map with respect 
to the base variable. It turns out that Gg is evidently smooth with respect to directions 
along the manifold K . However, we have only proved that the map is continuous in the S 
direction. 

Remark 5.1. We do not believe that smoothness in the S direction is an essential problem; 
we expect that -differentiability would follow if one were willing to bound one more deriv- 
ative. However, our failure to define a gluing map by applying an implicit function theorem 
in a Banach space completion of J-p{L;0) rather than a completion of the product of this 
space with seems to point to a more fundamental problem in gluing holomorphic curves at 
varying marked points. This might be an artefact of a poor choice of metric, but we suspect 
that there is a deeper problem caused by the well known fact that quotients of Sobolev spaces 
by diffeomorphisms in the source are not naturally equipped with the structure of a smooth 
Banach manifold. We hope that the poly fold theory of [llj . applied to this relatively simple 
setting, would give a clean way of circumventing this problem. 

Equation ()4.36p defines a Fredholm section 

(5.2) dp„,: :f'^^JL)^£P^^JM). 

For the purposes of the gluing theorem, we need to explicitly write down an operator 

(5.3) Dp„y. TJ^'^l^{L)^£P^^^AM) 

which extends the linearisation of 9p„ ^ away from the zero section. Recall that the fibres 
of fp^^(Af) at {R,9,u) arc Je,_R-anti-holomorphic TM valued 1-forms, where Jg u is the 
family of almost complex structures Jrgz.R depending on the point z G D^. Wc shall write 
= {R, 9, x) for an element of 

(5.4) = [0,+oo) X X M 

to simplify matters. For each pair {z,R) e x [0,-\-oo), choose a metric gz.R which is 
(almost) hcrmitian for the almost complex structure Jz,r, and agrees with the metric g of 
Corollarv l3 . 21 whenever z is close to the boundary. Wc equip x AI^ with a metric which is 
given pointwise by the direct sum of the flat metric in the x x [0, -\-oo) direction, and 
the metric ggn = {grgz.R}zeD^ along M . Note that the tangent space of M is preserved by 
parallel transport with respect the Levi-Civita connection of this metric on x . We 
shall write V for the restriction of this connection to TM as a bundle over x , and V 
for the corresponding complex linear connection given by the formula that already appeared 
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in Equation (|4.2ip . The key property of this connection is that the family of almost complex 
structures Jrez,R is flat with respect to it. 

In the product decomposition (|4.28p of TT^^_^{L) at {R,9,u), an elementary computation 

shows that the linearisation D-p„ ^ of d-p^ ^ with respect to the connection V can be written 
in terms the Levi-Civita connection V as follows (compare with Equation (j3.13p ): 

(5.5) 9fl H-> ( - Jj^ (Va^ Jfl,e) (dw - 70,fl, (g) Xff) j + 

Vg^dw ®Xh- J0M ® "^OrXh 

1 xO,l 
-j^JrezM {^deJRfi) {du - J0^R (g) Xh) 

Va, du ®Xh-10,r® Xh 

X^iVX^ 7e.ij \/xXHf'' - \jr,0 [VxJRfi] apo.i (i?, 9, u) 



In the last equation, 

(5.6) dvo,i{R,(^,u) ^ {du - '^0,R(S) Xh) 



1.0 



Given an clement = (R, 0, w) of J^^^^ (L), and a tangent vector X^ = (r, A, X), we write 

(5.7) w),, ={R + r,9 + X,cxp^{X)), 

keeping in mind that the exponential map in the third component is performed with respect 
to a metric which depends on {R,6) as well as the point z G D^. 

Having introduced this additional notation, we define a non-linear map J' from TJ-"^^^ (L) 

(5.8) y^.{X')=Tr;, idvo.,w\,) 

where is the parallel transport map with respect to the connection V along the image 

of the exponential map. In this Section, we prove 

Lemma 5.2. The right inverse <5aip(£,.o) the operator (|4.40p determines a right inverse 

(5.9) Qp,,G : preCV^^^ (M) ^ preG*T.F^;f ^ {L), 

to the restriction of D-p^^ ^ to the image o/preG. Moreover, there are Soholev norms |-|i,p.s 

and \-\p.s on the Banach bundles preG {TT -^) and preG {S"^), as well a positive real num- 
ber C which is independent of S such that the following properties hold: 

The norm of d-p„ -^j>TeGg{u,9,v) decays exponentially with S 

(5.10) 



(5.11) // \X^ \ < 1/C, for i = 1,2, then we have a uniform bound 
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^proGs(u,e,D)(-'^l) ~ 3'proGs(«,e,t.)(^2) - Dva^X^ - X2) 

The norm of Q-^^^q is uniformly bounded: 



< C 



X^, + xl 



x{ - XI 



(5.12) 



Q 



prcG 



< c. 



'SprcG strongly continuous map of Banach bundles. Moreover, the restriction 

(5.13) of Qpj.^Q to a slice K x {5*} is a smooth uniformly continuous map of Banach 
bundles. 

Remark 5.3. Recall that the topology of point-wise convergences on the space of bounded 
linear operators is called the strong topology. In particular, a map between trivial Banach 
bundles over a parameter space X 

(5.14) F: X X Bi X X B2 

is called strongly continuous if the family of operators Fx'. Bi ^ B2 satisfy the property that 
Fx-(b) converges to Fx{b) whenever Xi converges to x and b €z Bi. Such a map is uniformly 
continuous if the rate of convergence depends linearly in the norm of b. 

Proof of Lemma \5.2\ The existence of Qp^^Q, the bound (j5.12p . and the continuity prop- 
erties (|5.13|) are stated in CoroUarv l5.171 and the quadratic incquahty (|5.1ip is proved in 
Appendix [Bl To prove the bound (|5.10[) . we observe that the support of d-Po iPreG5(M, 9, v) 
is contained in the image of £,s,n{^^-2) where Lemma 14.131 imphes that the C^-norm of 
B-pf^ -^^ieGg{u,9,v) is bounded by a constant muhiple of e~'^^ . Since the weight for the 
-|p,S-norm, which we wiU define in Equation (|5.33|1 . is bounded by e^^^^ the result fol- 
lows. □ 



As a consequence of these estimates, we can apply a quantitative version of the implicit 
function theorem. In the statement of the next Corollary, 



(5.15) preG ker^ D-po ^ 



refers to the open subset of preG kerDp^ ^ C preG TT^^_^{L) consisting of vectors whose 
norm is smaller than a constant e, which is assumed to be smaller than We continue 
writing X^ for such a tangent vector. 

Proposition 5.4. If Sk is sufficiently large, there exists a map 

(5.16) sol : preG* ker. Dp,, , ^ preG*rjc-p;f ^ (L) 
which is uniquely determined by the following two conditions 

(5.17) sol factors through the right inverse Qp^eG- 

If X^ is an element of kcv^ D-pg then 

(5.18) 
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Moreover, the following properties are satisfied 
The map 

(5.19) id + sol : preG* ker^ D-p„,, TT^f ^ (L) 

is a surjection onto the set of tangent vectors of norm bounded by e whose image 
under the exponential map is a zero of d-pg ^ . 

The C^-norm of the restriction o/ sol to the fibres over a point {u,9,v,S) decays 
(5 20) exponentially, 

|sol|(„,e,„,S)|ci =0(e-2(i-*)s 

(5 21) '^^^ map sol is continuous, and its restriction sols to preG^ ker^ D-pg ^ \K x {S} is 
smooth for any S . 

Proof. The existence and uniqueness of sol, the bound (|5.20[) . as well as the surjcctivity of 
(j5.19p follow from a quantitative version of the implicit function theorem. The standard 
reference in symplectic geometry is Floer's version of the Picard Lemma which is proved in 
Proposition 24 in [5] . The reader is invited to check that the boundedness of Q stated in 
(|5.12p and the quadratic inequality (|5.1ip together imply Estimate (156) of Floer's paper. 

Smoothness in the K x {S*} direction follows from the fact that Qpj.^Q is smooth in that 
direction. To prove continuity in the gluing parameter direction, we fix maps u and v. Given 
a gluing parameter 5*, and a tangent vector to pi'cGg{u,9,v), we consider sequences 
converging to these data 

(5.22) lim = 5and lim U,X^^ = X\ 

i — ^+oo i — > + oo 

where we're writing 11^ for the parallel transport map from prcG^. (u, 9, v) to prcG5(u, 9, v). 
Our goal is to prove that 

(5.23) lim Hi sols, X^^ = sols X\ 

i — > + oo 

where we've dropped most of the subscripts from sol since the meaning should be clear. 
From property (|5.18p . we know that 



0. 



(5.24) lim J fn, {x\ + sols, X\ 

Let us assume by contradiction that (|5.23p does not converge. Since X^+solsi X\ is bounded, 
and D-pg ^ is Frcdholm. the projection of this sequence to the kernel D-p^ ^ along the right 
inverse Q^^^(. 



(5.25) [\d -Qp,.,G ° Dpg^i) [^l + sols, X, 

admits a convergent subsequence. Upon passing to this convergent subsequence, the fact 
that J' is C^-close to D-p^ ^ implies that its tangent space is transverse at every point to the 
kernel of D-p^ ^ , so that 

(5.26) lim n, (x\ + sols. X\] ^ X^ + X' for some X' . 
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We shall show that X' = S0I5 . Since 3^{X^ + X') vanishes, this follows immediately from 
the uniqueness statement of the first part of the Lemma once we know that X' is in the 
image of Q^^^^. 

By property (|5.17p . we may write S0I5; X\ ~ Q-p^^^qYi for a unique sequence Yi. Let Ili 
denote the map 

(5.27) LP {u4s, v*{TM) ® n"'^D^) LP {u#sv*{TM) ® n°'^D^) 

coming from a trivialization of the bundle _^ (M) using parallel transport with respect to 
the connection V, and observe that the uniform continuity of D-p^ ^ implies that 

lim YliYi = lim YliD-pg ^ sols^ X^ 

i — > + oo i — ^+'DC 

= lim Dv,,ll^so\s^X\ 
= Dv,,X' = Y. 

Using the fact that the operators 11^(5 .^^11,^^ are uniformly bounded to see that 



0{\Y~Y\ 

r-l 



(5.28) ^^*^prcG^^i ^1- ^^i'^prcG^^i 

and applying the pointwise convergence at Y of n^Qp^^^nr^ to Q, we conclude that 
(5-29) .hm n,Q^,,^Y,^Q^^^^Y, 

which implies that the limit of solg^ X^ lies in the image of Qp^.^Q- □ 



In particular, we obtain the gluing map 

(5.30) Ge : preG* ker^ Dj,, , ^ Po,iiL; 0) 

promised at the beginning of this section by exponentiating id + sol. The proof of the 
following Corollary is given in Section [5dl 

Corollary 5.5. For any e > 0, the composition of Gg with the projection to T'{L] 0) is a 
surjection onto a neighbourhood of K . 



5a. A family of Sobolev norms. We begin by fixing metrics on — {1} and — { — 1} 
which agree with the puUback of the standard metrics on the strip-like ends. Since the 
identification of Equation (|4.42p used to define E5 is an isometry of the metric on the strip- 
like end, E5 carries a metric with respect to whose volume form the integrals below with 
be taken. 

Next, we consider the function 

(5.31) Ks^s- [1, +00) 

defined piece-wise as follows 



(1) K = 1 on the complement of the neck of E5 

(2) On Im(^s_n), we have 

(5.32) /c.-,soCs,n = e(25-l^l'P^ 
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We define a norm \-\p,s on LP {{u#sv)*TM (g) n*D'^) by weighting the usual LP -norm usmg 

KS,S 

(5.33) / \Y\P^s.s- 

The same formula defines norms on the vector spaces L^ {{u-^sv)*TM ®c f^*^'^-D^) and 
LP {{u#sv)*TM ®c^^'°D'^). 

Following Definition 14.31 we next define a norm |_|i p s 5 on vector fields along on the strip 

(5.34) \M%,s,^ = [ (l^ir + I VXir) e('^-\^\^P'dsdt 

Ms 

With this notation, we define a norm on W^'P {{u#sv)* (TM), {u4 sv)* [T L)): 

(5.35) \X\l^,^, = |^ks-Imfe„)|i,p+l^(e5,n(0,0))r+|Xoe5,n-n:#f (X(^5,n(0,0))|?^^,5,, 

where H^*^" is the parallel transport with respect to the Lcvi-Civita connection V from 
u^sv o ^s,n{s,t) to u{l) = u^sv o ^s,n(0,t)) along the image of the horizontal segment on 
the strip (we shall later prune the subcript and superscript from 11 to simplify the notation). 

Remark 5.6. We write \-\i,p,e,s for the norm obtained on by identifying it with S5 
using the bi-holomorphism rg o (pg. This is the metric one would use were one to study 
a gluing problem occurring at the boundary point e'^. We shall abuse notation and write 
|-kp,s for |_|i,p,o,s- 

Lemma 5.7. The norm |-|i,p,s defines a complete norm on the Sobolev space of vector fields 
W^'P {{u^svYTM, (u^svYTL). 



Proof. It suffices to compare |-|i, p,s to a more familiar Sobolev norm. The most convenient 
such norm comes from the induced metric gs on S5; we denote it |-|i,p,(;s. 

One direction follows from the Sobolev embedding theorem. Indeed, the first term of 
Equation (j5.35p is obviously bounded by the Sobolev norm \X\i_p_gg. For the third term, 
we have 

< e''^ \x o ^s,n\,,^ + |n(x(e5,„(o, o))|p + 

+ |vn(x(es,n(o,o))|J 

< e^'^ \X o es,nli,p + e2^^C„#,, |X(es,n(0, 0)1 

where Cu^gv is some constant depending on S but not on X (see Lemma I5.10p . By the 
Sobolev embedding theorem, |X(^s_n(0, 0))| is itself bounded by some multiple of jXji^p^gg, 
proving the existence of a constant C such that 

(5.36) |-|l,p,S<q-|l,p,g,. 
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In the other direction, we compute that the usual W^'P norm of a vector field along the 
neck is bounded as follows 

\x o es.nli,, < \x o ^s,n - n{x{^sAo, o))li,, + |n(x(es,„(o, o))\,^^ 

< \X O ^s,n - n(X(es,n(0, 0)\p^s + Cu#sv l^(Cs,n(0, 0)| . 

The result follows immediately. □ 

Remark 5.8. In Section [?cl we shall have occasion to use an norm on tangent vector 
fields. For a vector field on a finite strip, it is defined by 

(5.37) \Xi\ls5= I \Xire^^^-\^\^P'dsdt 

which we extend to a norm \-\p,S on vector fields on S5 valued in TM in exactly the same 
way as in Equation (|5.35p . In particular, the appearance of the parallel transport of the 
value at the origin distinguishes this norm from the weighted norm of Equation (|5.33p 
( of course, the two norms are on different Soholev spaces, but it is easy to forget this since 
the tangent bundle of is trivial). 

5b. Sobolev bounds. In order to proceed with the proof of the assumptions of Floor's 
Picard Lemma, we must establish that our chosen Sobolev norms |-|i.p.s and |-|i,p satisfy 
reasonable properties with respect to each other, and the C''-norm. 

Lemma 5.9. If the Sobolev space W^'^ is equipped with the norm |_|i.p.s, then the inclusion 

(5.38) W^-P {{u#svYTM, {u#svYTL) ^ C" {{u#sv)*TM, {u#sv)*TL) 

admits a Sobolev constant Cp that is independent of S ( and hence of u and v since K is 
compact). 

Proof. Note that surfaces obtained by removing the neck from Eg are independent of S. 
Moreover, the standard Sobolev norm on functions t^^2S ^ Sobolev constant that is 
independent of S (the strips satisfy a uniform cone condition, see the discussion preceding 
Theorem 5.4 in [1]). Since the curvature of the metric is uniformly bounded on the image 
of it#sw o ^5 n, the same property holds for TM- valued vector fields along w#5U o ^5 „. Let 
C denote a constant, larger than 1, and larger than the Sobolev constants for the strip I^.'lg 
and for the complement of the neck in S5. We compute 

< c |x|s,_i„,(5s,„) I + \x o es,„ - n(x(^s,„(o, o))U + |n(x(^s.„(o, o))U 

< C |X|s,,-I,nfe,„) + C\X O ^s.n - n(X(C5,n(0, 0))\l.p.gs + \X{^sAO, 0)| 

< 3C\X\i^p^s 

□ 

We will use this estimate for u^sv, and exploit the fact that dsU and dgV decay exponen- 
tially along the end. 
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Lemma 5.10. There is a universal constant C, independent of S such that whenever X is 
a vector field along u^s^, 

(5.39) |VX|p,5 <C- |X|i,p,s. 

Proof. This would be an obvious result if we were using the usual Sobolev norm. Comparing 
the definitions of the norms |-|p,s and we see that the only interesting term to bound 

is 

(5.40) |vngf (X(^5,n(0,0)) 
Writing 

(5.41) u#sv o es,„ = exp„(i) (Z(s, t)), 
we consider 

(5.42) Wy{s,t) = exp^f^,){Z{ys,t)) 

and note that the parallel transport along the images of horizontal lines we used in equation 
(|5.35p agrees with parallel transport along Wy. The exponential decay estimates of Lemma 
14.131 imply that \S/dyWy\ is uniformly bounded, and that 

(5.43) f \dyWy{s,t)\^ f \ds{u#svo^s,n)\<Cu,e,ve-^'^+^'l 

JQ Jo 

for a constant Cu,e,v that is independent of S. Plugging these estimates into Equation (jA.Sp . 
and using our assumption that (5 < 1, we obtain the desired result. □ 

Corollary 5.11. The operator 

(5.44) Dv,,, : preGTT^P^ (L) ^ preCV (M) 
is uniformly bounded. 

Proof. Note that applying D-p^ ^ to a deformation of the parameters 9 and R gives an element 
of Sj,^^ ^ (M) which is supported away from the neck, and it is elementary in this case to 
show that the bound is uniform in S. We may therefore restrict to vectors X coming from 
TJ-'^'P{L) for which the result follows from the previous Lemma, the expression for D'p^ ^ 

given in Equation (|5.5p . and the fact that d-pg ^ (^pTcGg(u,9,v)j is uniformly bounded in 
the I-IpjS norm by the exponential decay estimate of Lcmma l4.13l □ 

5c. Construction of the right inverse. 

5c. 1. Pre-gluing tangent vectors. We begin by defining a map 

(5.45) prcdG : TTlf^'^^,^^^{L)\K ^ prcGTT^^^ (i), 
which we think of as a pre-giuing of tangent vector fields. 

Explicitcly, the fibre of TjF^j?^*^ (i) at (u, 9, v) consists of deformation of R and 9, as 
well as vector fields X^ and Xy along u and v which agree at the evaluation point 

(5.46) X„(l)-X,(-1) = 0. 
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The first step is to define a vector field X^i^sX^ along u^sv- As usual, this will be defined 
using the decomposition 

(5.47) Ss = Imii'^^'^) U Im(Cs,„) U Ini(6^'^). 

On the complement of the neck. X^^sXy agrees respectively with Xy and X^: 

(5.48) Xu^sXy o i'^'^ = Xu on Im^il^) 

(5.49) Xu#sXy o t^'^ Xy on Im(4'^). 
Along the neck, XuifsXy interpolates between these two vector fields: 

(5.50) + (1 - x^s) (n:;!::i!:,x„ o o r_25 - n^jf °«-»x„(i) 

Here, 11 stands cither for parallel transport from u(l) = v{—l) along the images of horizontal 
lines under u^s^, or for parallel transport along minimal geodesies from the image of u (or 
v) to the image of u#s^^. We arc following the conventions of [5] (see in particular Equation 
(29.33)), so that the cutoff for the vector fields Xu and Xy takes place in a region where 
u^sv agrees with one of the maps u and v. In particular, if s < —S — 1, xs{s, t) = x{s — S) 
is equal to 1, whereas 1 — X-s vanishes; in this region, we recover X^. Similarly, the vector 
field we constructed agrees with Xy when s > S + 1. 

In order to bound the |-|i,p,s-norm of Xu#sXy, we consider the two vector fields along 
the image of u^sv obtained by taking the parallel transport of Xu{l) = Xy{—1) along 

(i) the image of horizontal paths under u^s^ or (ii) the concatenation of the 

(5.51) image of horizontal paths under v (or u) with the minimal geodesic from v (or 
u) to U^gV. 

If we restrict attention to Cs,nIo, Lemma [A. 31 implies that the difference between these two 
vector fields is bounded in C^-norm by 

(5.52) 0{e^'')\X\. 

Since u^f^sv o Cs.n and v o o t_2s agree on I^"^, we use the symmetric nature of our 
construction to conclude: 

Lemma 5.12. The s-norm of the difference between the vector fields obtained by paral- 
lel transport o/Xu(l) along the two paths described in Equation (j5.5ip decays exponentially 
in S: 



(5.53) n:#f °«^-x4i) - n:f/™/-;n™^--^--x„(i) ^ ^ ^ = o(e-2(^-^)^)|x„(i)| □ 



We now state our first estimate concerning the behaviour of predG^ as S grows: 
Lemma 5.13. The pre-gluing map (j5.45p . given for fixed S by 

(5.54) prcdGsiXy,rdR,Xdg,X^) ^ {rdR, Xde, X^ffsXy o (j)^') , 

is a strongly continuous map of Banach bundles over K x [Sk, +oo), whose restriction to any 
fibre is uniformly bounded, and whose restriction to a slice K x {S} is uniformly continuous 
and smooth. Moreover if X^ and Xy extend to smooth vector fields on , then 

(5.55) lim pT:edG{Xy,rdR,Xde,Xu) = |(X„, re*;?, A(9e, ^«)li „ a • 

S— »+oo ^ r, Q 



l,p,S 
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Proof of Lemma \5.13l The continuity and smoothness properties of predG may be easily 
checked by the reader; we shall focus on fiberwise boundedness. By comparing the expres- 
sions for the two Sobolev norms (|4.7p and (|5.35p . we see that we need to show that the 
sum 



(5.56) \Xu#sX.{isAO,0))\ 
is bounded by 



l,p,S 



|x„(i)|+ x„oa-n;;f;x„(i) 



l,p,5 



l,p,S 



For the purpose of proving Equation (|5.55p . we shall in fact show that the difference between 
these two expressions decays exponentially, except for an error term which is bounded by a 
constant in the general case, but decays whenever X„ and are smooth. 



We shall repeatedly use the fact that = — 1) = )^s,n(0, t). To estimate the 

first term, we use Lemma 14.41 to obtain a bound 



(5.57) 



O e 



'2SS\ 



\Xuil)\ 



It remains therefore to bound the second term of equation (j5.56p independently of S. Note 
that this term is an integral performed over l'^2s'' symmetry, we shall restrict our attention 
to the contribution of Iq'^. Using the fact that (|5.50p simplifies in this region, we find that 
it would be sufficient to bound the following four terms 



(5.58) 
(5.59) 
(5.60) 
(5.61) 



l,p,5 



n!^f^'°«^-x„(i) - n:f,f °«^-x„#5X„(e5,n(o,o))k.. 



^n(l) 



K*^r^u o 6 o r,s - n:f,-°«-x4i)i,s.. 



l,p,5 



|Vxl 



f -^M O ?1 O - ll^(-^-| A„(l)|jS + l 



ll0{i0T2S 



l,p,5 



p^S 



Note that the last two terms are integrals performed on the proper subsets of Ig"^ where x 
and Vx respectively do not vanish. 

To bound the expression (|5.58p . we use Lemma to replace n^*^''°^'''"X„(l) by the 
composition of two parallel transport maps n"f^^'|'or^'"gn^°^^""^°'^"^'''X„(l), introducing an 

error term which is bounded by a constant multiple of e^^^^^'^)^|X„(l)|, so that it suffices 
to boimd 



n 



:otroi-L ° c-i ° - n:°f-°--x„(i)x„(i)) i,.s 



l,p,S 



We apply the estimate (jA.Sp to S = Iq'^, w = v o o T25 and wi = u^sv o £,s,n; with 
the family Wy defined by interpolating between these two maps using geodesies of minimal 
length. Using the exponential decay results of Lemma [4.131, we see that this term is bounded 
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by 

(5.62) 



1 + o (e-^)) X, o e-i - n:;°l-5x„(-i)|io 



l,p,5 



Concerning the second term (Equation (|5.59p ). we use Equation (|5.57p . together with the 
decay estimates of Lemma [4.131 and apply (|A.8|) setting w to be the constant map at f (— 1) 
and wi to be w#si^°^s,n, with Wy again given by minimal geodesies, and conclude that the 
pth power of (|5.59p is bounded by 



(5.63) 



2S 



0(e-2p^^)|X„(-l)|P / 2e^-P^''^-'Us = 0{1)\X,{~1) 
Jo 



The third term is bounded in the same way as the first, applying (|A.8[) to E 
'ju = u o o T_2s and wi = u^sv ° ^s,n, so that (|5.60[) is smaller than 



(5.64) 



(i + o(e-^)) x„oa-n:;°«;x„(i)|i3| 



l,p,6 



Using the estimate (|A.8|) and exponential decay yet again, we see that (|5.6ip is bounded 

by 



(5.65) 



O (e-^^^) (1 + (e-^)) X„ o er - n:i%{X^{^l))\,.s,^^ 



Note the appearance of the factor e"^''^ in the above expression. This is due to the fact 
that the weight in is approximately e'^'^; this is the weight used to compute the norm in 
Equation (|5.34p . We are trying to bound this with respect to a norm computed on ^i, and 
the corresponding domain is shifted by 25, and becomes li^f^i as indicated in the notation. 
In particular, the weight is approximately given by e'^*'^, and the ratio between the two 
weight is, up a multiplicative constant, equal to e~'^^^ 



Finally, we briefly sketch of the proof of ()5.55p : First we note that the right hand side of 
the bound ((03)) can be replaced by 0{e~^P'^^~^^^)\Xy{-l)\P whenever the vector field Xu 
and Xy are smooth. With this in mind, we observe that for a fixed S, the estimates proved 
above show that the difference between the norms before and after gluing are either given 
by an exponentially decaying term, or by a constant multiple of the contribution to |X„|i_p_<5 
and Iv^r^jji^p ,5 coming from and these contribution decays exponentially with 

S. ' ' □ 



5c. 2. Approximate Inverse. We now define an approximate inverse 
(5.66) Q : preG , (M) ^ preG*T^^;^^ (L). 



Given a TAf -valued anti-holomorphic 1-form along the image of u^sv, 
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we use parallel transport to construct such a 1-form along the image of v. 
(5.67) Yy e LP {v*{TM) ® il^'^D^) 



(5.68) r„(p) 



otherwise 



Here, the parallel transport goes from u^sv o hs^ (p) to v{p) along the minimal geodesic 
between them (recall that S has been chosen large enough for this to make sense) . Similarly, 
we define 



(5.69) y„ e LP{v*{TM) n"'^) 

(5.70) fft*.</<>-(rt) «»^''-f-.cJr) 

[O otherwise. 
Composing with 05, these two maps define a map of bundles over K x [S, +oo) 

(5.71) B: prcGV;^^(Af) S^f^^^.^.^iM). 

which we call the breaking map. Recall that outside of Cs,n(lii)! the map u^s^ agrees 
with u or V, so the parallel transport maps appearing in the definition of B are the identity 
away from this region. Since we've assumed S to be sufRciently large, and the metric g to 
be hermitian, 11 preserves the norm of vector fields whenever z lies in the image of ^s,n|It?-i- 

Lemma 5.14. The breaking map is a strongly continuous map of Banach bundles over 
K X [Sk,+oo) whose restriction to a slice is uniformly continuous and smooth. Moreover, 
the restriction of the breaking map B to any fibre is an isometric embedding, i.e. 

(5.72) \Yu\p,s + \Y.\p,5^\Y\p,s. □ 

Together with Lemma 15.131 this immediately implies 
Lemma 5.15. The map Q of (|5.66p which is defined by 

(5.73) Q = prcdG o Qgipj^.g) ° B 

is a strongly continuous map of Banach bundles over K x [Sk, +oo), whose restriction to any 
fibre is uniformly bounded, and whose restriction to a slice K x {S} is uniformly continuous 
and smooth. 

□ 

To justify our designation of Q as an approximate inverse, we shall prove 
Lemma 5.16 (Compare Lemma 29.32 of [9]). The norm of the operator 

(5.74) Dr„ , o Q - id : preG*^;^^ (A/) ^ preCV^^^ 
is bounded by a constant multiple of e~^^^ . 

Proof Fix {u,e,v) S K and S £ [0, +cx)). Given Y e LP{u4sv*{TM) ® rJo,i)' note that 
B'Vo,i ° QO^) — ^ is supported on ^s,n(lf sl_i), and, by the symmetry of our construction, 
it suffices to estimate 

(5.75) / Dv,,, o g(y)(Cs,„(s, t)) ~ r(e5,„(s, t)) " e'^^^+'Usdt. 
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Let US write 

(5.76) Qaip(L;o) ° B{Y) = {Xgdg, XrOr, X„, X,) 

Since the cut off function preceding the third term of (|5.50p is identicaUy equal to 1 on 
1° 5_ij the formula for Q simplifies to 



(5.77) + (1 - x-s) ( n:-!r«::,x„ o e-i(. - 2S, t) - n:- 



Turning our attention to the first term, the fact that Qaip(/,.o) is a right inverse to ^'^^^(l o) 
implies the vanishing of 



(5.78) 



Since u o o t2s and u^sv ° £,s.n agree on the restriction to this strip vanishes, so 

it suffices to bound the restriction of the first term in (|5.77p to 1° 2- Lemma [4.131 implies 
that uo T2S can be obtained by exponentiating a vector field Z along u^sv ° ^s,n whose 
C^-norm on 1*^2 is bounded by a constant multiple of e~^'^. In particular, the |_|i_j,^s-norm 
of this vector field is bounded by O (e~^(^~'^''^) . Applying the basic form of the quadratic 
inequality stated in Corollarv lA.6| we conclude that 



(5.79) 



\P:S- 



It remains to show that the result of applying D-p^ ^ to the last term of (|5.77p has norm 
that decays exponentially with S. Inspecting the definition of D-p^ ^ , we see that we can 
bound the contribution of this term by separately bounding 

(5.80) i^Po, {KiZltls^. o o r„25 ' n3-"°«-X„(l) 

and the result of differentiating X-S 



(5.81) 



Since Xy is holomorphic on ^_i(I_^), and the C^-distance between u^s'>^ ° Cs,n|I° 5_i 
and V o C-ilIIaf-i is bounded by O (e~'^) by the decay estimate of Lemma [4.131 applying 
Corollary I A. 61 to the vector field along v o o r_2S whose image is u^sv o £^s,n yields 



(5.82) 



Dvr, , n 



Po,i-'-'-uo5_ior_2S 



,XyO^_l OT_2s|lO 



o(e-(i-«)S)|r| 



P,S- 



Essentially the same argument applied to the constant map with target w(l), equipped with 
the constant vector field ^^(l) shows that 



(5.83) 



o(e-(i-^)^)|y|p,; 



Finally, note that |Vx-s| is bounded independently of S, and that it is supported in the 
interval s G [—S — 1, —S + 1], so it suffices to bound 



(5.84) 



S+1 
■S-1 



l,p,S 
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Recall that all our parallel transport maps take place along paths of length less than e ^ , 
so (jA.Sp implies that this expression is bounded by 

(5.85) e-2^^(l + 0(e-^))|X„|i,,., = Oie-''^)\Y\p,s- 

Once again, the weight e^^^^ appears because we're using the gluing and weight conventions 
of i. 

Considering all the error terms above, we see that all terms decay at least as fast as e"^''"^, 
since 6 is assumed to be smaller than 1/4. □ 

As an immediate consequence, we have 
Corollary 5.17. The composition D-pg ^ o Q defines an isomorphism of Banach bundles 

(5.86) PrcG*^Po,, (^^) ^ Pi-cG*f^„^ (M) 

with respect to the strong topology. Its restriction to a slice K x {5} is a diffeomorphism of 
Banach bundles such that the composite 

(5.87) Qp„6 - Q ° (^T'o.i ° Qr' 
is a uniformly bounded right inverse to D-p^ ^ . 

□ 

5d. Proof of surjectivity (Corollary 15. 5p . Given a sequence Wi e V{L;0) converging 
(w, 0, v) £ if, we will prove that 

(5.88) {w,,e) e V{L) xS'^ VoAL;0) C J'^IS^) 

lies in the image of preG^, whenever i is sufficiently large. The statement of Proposition 
15.41 implies that preG^ is surjective onto a neighbourhood of prc-glucd curves which has 
uniform size with respect to the norms |_|i.p,5, so it suffices to prove that for sufficiently 
large z, {wi,9) lies arbitrarily close (in the |_|i^p^5-norm) to some pre-glued curve. 

From Gromov convergence, we extract the existence of a sequence Si — > +oo such that we 
have uniform convergence of all derivatives on compact subsets: 

(5.89) or_4s, or_e|D2 - {1} ^ w 

(5.90) w, o r^g\D'^ - {-1} ^ u. 



We conclude that for each S > 0, Wi is C^-close to u^SiV ° 4's- ^^^'^ complement of the 

/ 2(5' — S) \ 

image of ^5.^,1 (ll_2(s._s) ) ^'^^^ sufficiently large. 

Lemma 5.18. There exists a sequence of positive real numbers Si and vector fields Xi along 
it#5.w such that 

(5.91) exp„_^^^^(X,) = o r^g 

whenever i is sufficiently large. Moreover, the |-|i,p,Si-?Jorm of Xi converges to 0. 
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Proof. The previous discussion implies that for each S, X; is well-defined away from the 
finite strips ^Si,n (^-f('s^-s)) ^® * sufficiently large. First, we make sure that Xi 

is defined on the entire domain. The key point is that the energy of the strip satisfies 



(5.92) lim lim E{w^o ^5. „|f \) = 



since the complement of this region converges in to u or v, and hence carries most of the 
energy. For each S, we assume that i is large enough that 

(5.93) \X,\ci < e-^ 

in this region, where the C^-norm is computed with respect to the metric gs^- 

Fix a ball of some radius e about v{~l) on which there exists an involution which preserves 
the complex structure Jaig and fixes L pointwise. We will first prove using the monotonicity 
Lemma that for each S, Wi o Csi,n|I_2(s -s) takes values in this ball for i sufficiently large. 
To see this, note that the restriction of Wi o S,Si,n to the union of the two strips of length S 

(5 94) I^'^'-^ _|2(s.-s) 



takes values inside the ball of radius e about w(— 1) = u{l) for i sufficiently large by 

'(.Si-S) 
-2{Si-S) 



2(S—S) 

convergence to u and v in the complement of ^_n(\._ o\ ■ In particular, assuming by contra- 



diction that there is a point in ^'^_^2{S-^S) '^^ose image under WiO^^. „ lands outside i?e («(—!)) 
then there is a component of w~ {M — B^/2{i'{—^))) which is contained in I_2(s -S)- Since 
we've assumed this component to have diameter larger than a fixed e/2, the monotonicity 
Lemma for holomorphic curves with Lagrangian boundary conditions (see Proposition 4.7.2 
of [22]) gives a lower bound for the energy of Wi restricted to the strip, contradicting (|5.92[) 
if S and 5*^ are sufficiently large. 

We conclude that it;iO^Si,n|I!L(2's _s) '^^^ doubled to a holomorphic map from a cylinder 

(5.95) X [-2(5*, - S), 2(5, - S)] M. 

A standard exponential decay estimate, as proved for example in Equation (4.7.13) of [14j . 
implies that for any constant /.t < 1, there is a constant independent of Wi, S and 5*^ 
such that 

(5.96) \d,w,{s,t)\ < C^e-''«2^'-^)-l''l)ii; {w,o^s,,n {t'isf-s))) 

whenever \s\ < 2Si — 25. 

Starting with the C° analogue of the estimate (|5.93p as a boundary value when |.s| = 25^ — 5, 
we integrate the exponential decay estimate (|5.96p to conclude that Wi o ^Si,n|I^'^2S— S) 
C^-close to w(l) = v{—l), which means that Xi is well-defined and satisfies 

(5.97) \X, o Cs.,„(s,t)| = O (e-^ + ((25, - 5) - |s|) e-A'((2^^'-s)-NI)) 

(5.98) |VX, oes„„(s,t)| = O (e-M(2S.-5)-|s|)^ _ 
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In particular, the path from Wi o ^Si,niO,t) to Wi o ^g.^^(s,t) is bounded in length by 
|s|0 (^e-^((2S,-s)-|s|)^^ Applying the bound (|X8]), we see that if \s\ < 2S, ~ S 

j-!"iO?Si.n(s,0) 



(5.99) 



vn 



= O (e-''(4S,-2S)-| 



Choosing ^ to be larger than 6, and letting 5* go to infinity, we conclude that 



(5.100) 



lim lim 



0. 



The discussion preceding the statement of the Lemma, implies a similar estimate away 
from this finite strip. The only part that doesn't follow trivially from C^-convergence is the 
bound on the derivative of the parallel transport of Xi o ^s._n(0, 0). However, we have just 
shown that the norm of Xio£^Si,n{0, 0) decays //-exponentially as 5*1 grows. Using the bound 
(jA.SP to control the error term coming from parallel transporting this vector, we conclude 
that for each S, 



lim 



(5.101) 

■t — *C 

thereby proving the Lemma 



XAD^ - 



0, 



□ 



6. Local injectivity of the gluing map 



Let G denote the restriction of Ge to the zero-section, and define the gluing map 

(6.1) G: K X [S,+oo) ^P{L;0) 
to be the composition of G with the fibre bundle 

(6.2) roAL;0)^V{L;0) 

(6.3) {R,e,w) ^ {R,wor_g) 
with fibres . 

The main result of this section is 

Proposition 6.1. For S sufficiently large, the restriction of (|6.ip to a slice K x {S} is a 
smooth immersion. 



We shall find a vector in ker ^91^(^-0) but not in the tangent space to K whose image under 
predG becomes arbitrarily close to the tangent space of the fibres of (|6.2p . Moreover, we 
shall prove that the difference between the restriction of predGg to TK and the differential 
of Gs decays with S. Using Equation l|5.55p . we conclude that the differential of Gs is 
injective for large S. This will imply that the image of a tangent vector to K under the 
differential of G cannot lie in the tangent space to the fibres of (|6.2p , and hence that d G is 
also injective. 

None of the proofs in this section require the use of an implicit function theorem except in 
quoting results from the previous section. Moreover, all the important operators we need 
to bound have sources which are finite dimensional vector spaces of smooth vector fields. 
As we shall sec, this implies that we can often work with the L^-norm in the target, and a 
stronger norm on the source, which simplifies computations. 
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6a. The derivative pre-gluing of tangent vectors. Our first observation concerns the 
restriction of prc-giuing to the kernel of the operator (|4.39[) . 

Lemma 6.2. The restriction o/predG to 

(6-4) kerZ?,,^(^^„)CT.F^l|^^^^^(L) 

is uniformly bi-lipschitz (in S) with respect to both (i) the W^'^ norms on the source 

and |-|i,p.s 071 the target and (ii) the norms \-\p,s o-nd \-\p,s- Moreover, the bi-lipschitz 
constant converges to 1. 

Proof. This foUows immediately from elliptic regularity, Equation (j5.55p . and the fact that 
ker ^aip(i.o) is finite-dimensional. □ 

Given such a vector field G kerDgi^^^.g^, we observe that D-pg j^predG(X'') is supported 

on the image of ^s,n {^-^-i)- Expressing predG(X'') as the sum of the two vector fields 
coming from the two sides of the gluing, it is easy to check that whenever one of the vector 
fields is not holomorphic, its C^-norm is bounded by O (e~^'^). Since the weight is bounded 
by e~^^^ we conclude an analogue of Equation (|5.10p for the pre-gluing of tangent vectors. 

Lemma 6.3. The composition of D-p^ ^ with predG is an operator 

(6.5) ker Dg^^^^.,^ ^ P^'^G £1^^ ^ (M) 

whose operator norm with respect to |-|i,p,s is bounded by a constant multiple of e~^^^~^^^ . 

□ 

Note that we have an inclusion 

(6.6) TK C ker Dg^^^^.,^\K 
which we extend to 

(6.7) TK X [S,+oo) ^ kerDgi^(^.o)|if 

by identifying the tangent space to the gluing parameter S with the vector field in the 
kernel of £'aip(x, o) spanned by translation along the strip. The next Lemma compares the 
derivative of pre-gluing curves with the result of pre-gluing vector fields. 

Lemma 6.4. The difference 

(6.8) dpreG - predG : TK © (9,,) ^ prcGTT^P^ (L) 
is bounded by a constant multiple of e~^^^~^^^ in the |-|i.p.s norm. 

Proof. Given such a tangent vector field X, the difference between dpieG{X) and predG(X) 
is supported in ^s,n(I^5l_i)- However, since X is smooth, the pointwise C^-norm of this 
difference is bounded above by a constant multiple of e^'^^ . Since the integral of the weight 
is bounded by e^^^ , the result follows. □ 



This Lemma, together with Lemma l6.3| immediately implies: 
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Corollary 6.5. The restriction of D-p^^ ^ to Im((ipreG) is uniformly bounded in |-|i,p.s by a 
constant multiple of e'"^^^'^^^ . 

□ 

6b. The derivative of the gluing map. Consider the composition of predG with H^^^^, 
the parallel transport map from the image of prcG to the image of the gluing map. 

Lemma 6.6. The operator 

(6.9) dGs-nG^^opredG^lT/T 

is bounded in the |_|p^5-norm by a constant multiple of e~^^^~^^^ . 

Since G is defined as the composition of preG with sol, using Lemma l6.41 we shall see that 
it suffices to prove that the derivative of sol is bounded. A straightforward application of 
Floer's version of the Picard Lemma as stated in Proposition 15.41 vields C°-bounds on sol, 
and on its derivatives in the direction of vectors in the kernel of D-pg ^ , but we're missing a 
bound on derivatives in directions tangent to K. 

In particular, let = {u,9,v) and u^-^ denote of elements of K, and assume that 

(6.10) = exp„, X« 

for an clement of G TT]^f^^^ o)^"^^' write w^g and w'g ^ for the images of and 

under prcG for some gluing parameter S. If 5* is sufRciently large, we have a vector field 
X^ along Vii'g such that w'g ^ = exp^, X^ . 

Combining Lemmas l6.2l and Equation l6.4l we find that we may choose jX^ji^p^^ small enough 
so that is uniformly bounded by a constant multiple of l^^li^p^^. In particular, we 

may assume that it is smaller than the constant e of Proposition 15.41 so that we can work 
in a chart about where the quadratic inequality holds. In such a chart. Lemma 16.61 is 
equivalent to the bound 

(6.11) |n?'-««expTi^^,^Gs(i,«,) -predG<jX«| ^ = 0(e-2(i-^)5)|X«| + 0(l)|X«p 



By applying Lemma (jA.7p twice, we find that the first term can be approximated by a sum 
of vector fields: 



(6.12) |nR^°^ expTj^^,^ Gs (u^x) ~ (exp-J Gs ( ) - sol^. (0) 
According to Lemma |6^ we have 



0(1)|X« 



(6.13) 



predGsX" - X^ 



O 



|^g-2(l-5)5^ |X»| + 0(l)|X«p 



These two bounds imply that we have to prove 



(6.14) 



exp-^Gs Ux)-(x' + so\^,M 



= O 



(e-2(i-^)s^ |X«| + 0(1)|X« 
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Because the vector field sol is constructed implicitly, we shall obtain (|6.14p in a round 
about way. Recall that we have a direct sum decomposition 

(6.15) w's*TT^i;jL) - ImQ ^^.^^(B key D-p, ,, 
which induces a uniformly bounded projection map 

(6.16) K^b, : preGsTT^P^ (L) -> preGg ker D-p^ ^ . 

By the defining properties of sol, Equations (|5.17[) and (|6.20[) . the restriction of n^b^ to 
the inverse image of Po,i(i; 0) under the exponential map is the inverse diffeomorphism to 
sol + id. This will allow us to prove: 

Lemma 6.7. The restriction o/sol^» °i^w''' ^'^ (^^p l i^^iw^Gg)), satisfies a uniform bound: 



(6.17) 



+ sol„. (0) - {n^^^X' + so\^,^{k^,^x')) ^ = 0(e-2(i-^)^)|X^| + 0(1)|X^| 



In particular, the restriction o/ (id + sol,„»^ ) o to cxp^^^ (Im(preG5)) is a diffeomorphism 
near the origin, and the derivative has uniformly bounded inverse. 

Proof. Note that the distance between Im(dpreG^b ) and exp"^^ (Im(preG5)) is bounded by 

S f s 

a constant multiple of The proof that this constant can be chosen independently of 5 

follows from the exponential decay estimates of Lemma [4.131 and the fact that the tangent 
space of K consists of smooth vector fields whose point-wise norm decays exponentially 
along the neck. 

It suffices therefore to prove that 



(6.18) 



(6.19) 



[k^,^X' + so^(ac^. X^) - sol^.(O)) I = 0(e-2(i-^)^)|X^| 
jrove this, we ob 

QproG°Dv„,X^ 



whenever X e Im(dpreG^,b^). To prove this, we observe that CoroUarv 16.51 implies that 



\X"-K^.^X"\ = 



= o 



-2(1-(5)S 



X" 



In addition, by Equation (|5.20p . the C^-norm of sol is bounded by 0(e ^'■^ ^^^). Compos- 
ing this inequality with id + sol, we obtain the desired result. □ 



Returning to Equation (|6.14p . we find that the missing estimate is 
(6.20) \n^.^X' + so^(.„, X^) - n^-«expTi^^.^ G, |^^^ 

= O (e-2(i-*)^) |X«|+0(1)|X» 



We shall obtain such a bound by bounding the derivatives of the right inverse Qp^.^Q. First, 
since K is compact, all reasonable norms on TK are comparable. In particular, we have a 
universal bound 



(6.21) 



\X%i <c\XiU,pj, 
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where we shall use the C-'^-norm coining from the standard metric on D^. Moreover, since 



^9i-p(L:0)"xlt 



(6.22) 



0, there is a constant cq independent of such that 



Also, since Q(3ip(/,-o) ^ smooth family of right inverses on a compact region, we have a 
uniform bound 



(6.23) 



< Cl|X» 



This operator is acting on the fibre of ^^Qirp^^j^ a)^^^^ with target TT^^^^^ o)^"^^' 

Our goal is to obtain a bound similar to (j6.23p for the right inverse Q evaluated at 



and 



Lemma 6.8. // both the source and the target are equipped with the U'-norms \-\p^s, there 
is a uniform constant C such that 



(6.24) 



Proof. Lemma 15.161 implies that the difference between Q^^^q and the approximate inverse 
Q is uniformly bounded by a constant multiple of e~'^^^ . In particular it shall suffice to 
prove analogue of (|6.23p for the approximate inverses. 

Now Q is defined as the composition predG o Qgip^^.p) ° B, so the desired result follows 
from estimates 



(6.25) 
(6.26) 



predCn" 



n" 



predG 



O (e-2(l-5)Sj 



To prove the first estimate, consider Y g LP{w*TM i^fl^^^D^), and write (F„, Y^,) for B{Y). 
The main point that ( fl"'f'^F ) differs from fi^^ Yu only in ^i(l2|_2)- In this region, the 



parallel transport between u and w takes place along paths of length bounded by e"^"^. The 
first estimate therefore follows by applying Equation (jA.10[) . and using the fact that the 
weight is bounded by e'^^^^' . 

The second estimate is of a similar nature. The terms whose difference we're bounding 
differ only on ^s,n (I'^sLi) , where the distance between w and u or v, as well as the norm of 
the differential of these functions is bounded by O {e~^). Moreover, the C^-norm of VX" 
and VX^ are also bounded by O (e~'^) 1^"!. Applying Equation (|A.10p yields the desired 
inequality. □ 
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In particular there is a unique right inverse Q^^t whose image agrees with the image of 
Q^y^n . ,i> n"'f • Moreover, we have a uniform bound 



(6.27) 



' preG,u; c 



<C3|X«| 



To deduce the desired bound on sol, let denote the projection to kerDp^ ^ along the 
image of . , , and let 

(6.28) soF. : preG, ker, ^ T^^.^Vo., W 

denote the map given by Proposition l5.4l if we use the right inverse rather than Qpj-gQ ■ 
Lemma 6.9. There is a uniform bound 



(6.29) \k^.^x' + so^ in^.^x') - [n^^^x' + so\^b^{K^b^X')) |^ ^ = O (1) 



X" 



Proof. Note that the restrictions of k.^s, and k^i, to cxp I are respectively the inverses of 



id + solyjb and id + sol^'^b . Since the previous Lemma implies that 



(6.30) 



0(1) 



X' 



the desired result follows easily from the fact that the norms of sols and sol^ are both 
bounded by O (e-2(i-'5)S) . □ 

We have established the Lemmas necessary to prove the main result of this subsection 



Proof of Lemma \6.6[ Note that we've already reduced the proof of the Lemma to the proof 
of Equation (|6.14p . The previous Lemma shows that this is equivalent to 

(6.31) |n|-^xp-^^„^ Gs - + soC. X^)| = O (e-(-^)^) \X'\ 

Applying k' ^ , this is equivalent to proving 



(6.32) 



K t exp 



X' 



which we shall do presently. 



Since Gs ("x) obtained by exponentiating sol^b ^(0) at w^S' Lemma [A. 71 implies the 
existence of an L^'-bound 



(6.33) 



X'+KJ sou (O)-exp-iGsU 



In particular. Equation (j6.27p implies 



(6.34) 



X 



nT soi^5^ (0) 



exp 



^G.(4))|=0(e-(^-^)-)| 



X" 
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From the definition of / 



we also have a uniform bound 



(6.35) 



"x.s 



0(1)|X^ 



Using the fact that K^b sol^b (0), vanishes, and that | sol^t (0)| = 0(e ^^^), we see 

, S -X^ 1 s ^ . s 

that Equations ((6?34)) and ([QS]) imply ((02)) . which proves the Lemma. □ 



6c. Injectivity of the derivative of the gluing map. Lemma 16.61 implies that the 
derivative of G5 is injective. Our goal in this subsection is to show that the derivative of 
Gs is also injective. As explained at the beginning of this section, it suffices to prove that 
the image of dG cannot be tangent to the fibres of ()6.ip . 

We begin by changing the notation, and writing w^g = (i?, 0, lus) for an element of the 
image of Gs- At such a point, the tangent space to the fibres of (|6.ip is spanned by the 
vector 

(6.36) dw^s ide) = iO, dg.dwsidg)). 

where we use dg to denote the infinitesimal generator of rotation on both and D^. 

Lemma 6.10. Given /i < 1, the |_|p^5-norm of the pull back of e^^^dws (dg) by i^g^ is 
bounded by a constant multiple of e~^ . 



Proof. The norm of dg on a strip-like end is bounded above by a constant multiple of e^, 
which is why we're rescaling by e~^^ to obtain a vector field whose point wise norm under 
puUback by ^s,n is bounded by 0(e~'''^~^). Since solg is bounded by O (e~^^-^~*^'^) in the 
norm |_|i.p.5, the norm ofdws is uniformly bounded in the norm |_|p 5. We conclude 
that the norm of the restriction of e~'^^dws (dg) to l^^^ decays like 0{e~^). 

It remains to bound the contribution of the parallel transport of the value of this vector 
field at ^s^n(0,0). Observe that, for large enough, the energy of the restriction of ws to 

^s,n (^I^'2S+So) arbitrarily small, so the exponential decay estimate on long strips of small 
energy implies that 

(6.37) |dw'5|e5,n(0,0)|-O(e-2MS), 

As the norm of e^'^^dg at this point is bounded by O (e^^"^) , the result easily follows. □ 

In order to proceed, we need an additional estimate on predG: 

Lemma 6.11. The norm of the composition of D-pg ^ with Il|^^^^ opredG^ is bounded by a 
constant multiple 0/ e^^'-^^*-''^. 



Proof. This is a consequence of Lemma 16.31 and the quadratic inequality (jB.3[) , applied to 
= Qoso\s{u, 6, v), whose norm by a constant multiple of e^^^^"'')'^ as in Equation (|5.20p . 
which is smaller than e~^^^ for S large enough. □ 
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Recall that dp stands for the unique holomorphic vector field on which vanishes at — 1 
and agrees with 9e at 1, and that the kernel of ^91^(^.0) any point (i?, u, 6, v) as a direct 
sum decomposition as in Equation ((2J0)) 

(6.38) aut{D^ , -1) © Td^P {L; 0) ^ ker Dg^^^^.Q^ , 

where aul{D^, —1) is spanned by the vector fields dp and ds, whose image in the right hand 
side is obtained by applying the dilTerential of v. Note that dp extends to a vector field on 
= C U {ao} with a unique zero at —1, which must therefore be degenerate. 

Lemma 6.12. The vector field dp vanishes to first order at —1. In particular, its pointwise 
norm along the strip-like end is bounded by 0(e~^). 

We now identify the vector field in the image of predG which is close to the kernel of the 
projection map to 7'(L; 0): 

Lemma 6.13. There an exponential decay bound 

(6.39) e-^'^dw^sde - n^^prcdGs {dv {dp)) = 0(e-^) 

p,S 

Proof. We start by remarking that, given a sequence of points in converging to — 1, 
the corresponding sequence of 1-periodic holomorphic vector fields which vanish at these 
points converges in the complement of any compact subset of — { — 1}, after rescaling 
and reparametrisation, to the vector field dp. The relevant estimate is 

(6.40) e-^^{4'')*de~dp\D^-^^,lzi =0(6"^), 

OC 

where l^'^ is the inclusion map of - ^-iH^ into Ss. The proof is an elementary 
computation left to the reader. 

From the proof of Lemma (|6.10p . we know that the contribution to the |_|p,s-norm of the 
parallel transport of the value of dwg [dg) at the image of the origin under S^s,n is bounded by 
Q^g-2(i+;i-i5)S^^ Moreover, in ^s,nl° s both vector fields are respectively bounded pointwise 
by e-(i+^)(l''l"2S)^ so ti^e contribution of ^s.nl° g to ([Qg]) is bounded by 0{e-^^+^'-^'^'^). 

It remains to bound the difference between these two vector fields on the image of tf'^. 
Since w^g o t^'^ and v\D'^ — differ by a vector field whose |_|i.p.s-norm is bounded by 

a constant multiple of e-2(i-(5)s^ ^Yic pointwise bound (|6.40p implies that difference between 
n|^^^^predG5 {dv {dp)) and e^^^dw^g {de) is bounded, in this subset of Eg, by 0(e~'^) in the 
|_|p,S-norm. □ 

By the quadratic inequality, the composition 
(6-41) n'^s oQ oU^'^'''' 

is arbitrarily close to a right inverse to T)-p^ ^ along the image of Gs. In particular, there is 
a unique right inverse Qq whose image agrees with the image of this map, and which is 
moreover uniformly bounded. We write 

(6.42) =id-Qg^ oi?p„^ 
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for the projection to ker_Dp„ ^ along Qq^- By composing with H^^^^predGg, we obtain a 



map 



(6.43) 



Lemma 6.14. The restriction of (j6.43p to TK ® {dv ((9s)) is transverse to the subspace 
spanned by dw^g (de)- Moreover, its restriction to the tangent space of K satisfies 



(6.44) 



= o 



-2SS\ 



Proof. Assuming that there is an element of TK © (dv {dg)) whose image under (j6.43p 
is e~^^'dw^g (de), Lemmas |6. 131 and 16.111 imply that 



(6.45) 



n 



Gsu 



pYcdGs{X^ ~dv{dp)) = 0(e-(i-'^)^) 



For 5* large enough, this contradicts Lemma [6T2l since the norm of X'^ — dv (dp) is bounded 
above by some multiple of dv {dp) whenever lies in TK © {dv (9s)). Closeness to dGs is 
implied by Lemmas 16.61 and 16.111 □ 



We also need a bound on the distance between the parallel transports of the images of 
the tangent spaces at various points under dGs- First, we bound the distance between the 
values of predG^ at nearby points. The proof of the following Lemma runs along the same 
arguments are Lemma 16.81 especially Equation (j6.26p and is omitted: 



Lemma 6.15. There is a uniform bound 
(6.46) 



n o predGo 



0{l)\X\ 



□ 



From this Lemma and Lemma 16.61 we conclude 



(6.47) 



dGsy-n 



Gs(ti 



dGs\uy o n 



= o(e-2(i-5)5Wo(l)|X|« 



Corollary 6.16. The map Gs is an immersion. Moreover, each point ofd^V{L]0) has a 
neighbourhood independent of S on which the restriction of Gs is infective. 



Proof. The fact that Gs is an immersion is immediate from the proof of Lemma 16.141 and 
Lemma 16.61 since they imply that dGs is injective and does not intersect the kernel of the 
projection map to 'P{L; 0). The second statement is simply a quantitative version implied 
by the following argument: Given {u,0,v) e K, we can fix a neighbourhood about {u,9,v) 
whose image under Gs is contained in ball of radius e/2 of = Gs(u,6','!;) e "PoaC-^iO) 
with respect to our chosen norm on TTj^^ _^{L]0), i.e. can be obtained by exponentiating 
vector fields X^ of |_|i^p_5-norm bounded by e/2. 



Let us write 



(6.48) 



w's = {R{w's),9{w's),ws), 
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with Rlwg) — Ru and 0{wg) — 9 decaying exponentially with S. By elliptic regularity, we 

S S S 'P 

may choose S sufhciently large so that the restriction of ws to the images of Lg and Lg 
are arbitrarily close in C^-norm to u and v in the respective domains, while the restriction 
to ^s,nl?^5 is bounded point-wise in C^-norm by 0(e^'''^). We conclude that for 5* large 
enough, if |A| < e/2, every point of the form 

(6.49) [R{'u}'s),B + \,wsorx) 

lies in the ball of radius e in the |_|i.p.5-norm about w^. In other words, a ball of radius 
e about contains a segment of the fibre of the projection map to 7'(L; 0) which passes 
through w^, whose size is uniform. 

Note that the norm of e'^^w^g (do) is uniformly bounded above and below by constants 
independent of 5*. In particular, we can choose e small enough so that 

(6.50) {^i;^dw's (de) - dw'^^s (de)^ 

is arbitrarily small in the I/P-norm whenever \X^\i,p,s < £• 

Since exp"^^ ImGs is C^-close in the j.L^s-norm to a linear subspace by Equation (j6.47|) . 
we conclude that no clement of exp"^^ Gsiu' ,9' ,v') can lie on a path of the form (|6.49p . 

whenever [u',9',v') is in some fixed neighbourhood of {u,6,v). This proves injectivity is a 
small neighbourhood of uniform size about every point. □ 



7. Gluing near higher codimension strata 



Having proved the existence of a gluing map from a compact subset of the codimension 
1 stratum of 7^(i) to the interior of P{L), we shall proceed to describe the analogous 
results for the other boundary strata, which requires gluing sphere bubbles. It turns out 
that we're working in a special situation where the moduli space of sphere bubbles passing 
through a fixed point is regular. This implies that gluing can done without "moving the 
attaching point," thereby reducing the analytic results to standard ones. We shall therefore 
concentrate on describing the geometric parts of the construction, including the choice of 
right inverse, leaving all estimates to the reader. 

Remark 7.1. In the discussion that follows, we shall often use the expression "a neighbour- 
hood of X in y, " even though X is not a subset ofY. In all such situations, the Gromov 
compactification Y will contain X as a stratum, so such a neighbourhood is defined to be 
the subset of Y obtained by removing all strata of virtual codimension greater than from a 
neighbourhood of X in the Gromov compactification ofY. 

7a. Gluing the codimension 3 stratum into the top stratum. Recall that d^V {L; 0) 
consists of complex lines passing through the boundary of an exceptional disc. For each 
u G P{L;—f3) and 6 G , choose a complex hyperplane iV(„ in CP"^^ which does 
not intersect the projection of u{9) to CP"~^ and take the product with C" to obtain a 
hypersurface 

(7.1) N[;^g^ = C" X 7V(„,e) = C" X CP"-2. 
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We shall assume that these hypersurfaces satisfy the following property 
, 2\ The hypersurfaces N^^^ g^ vary smoothly and are independent of the angular pa- 
rameter 9 if it is sufficiently close to 0. 

Such a family of hypersurfaces may be easily obtained by first choosing the complex hy- 
perplanc in CP"^^ to be the unique one orthogonal to the projection of u{9) to this factor, 
then modifying this choice near 9^0 using cutoff functions. 

Note that every Jaig holomorphic sphere passing through u{9) intersects Nl^^ at a unique 
point and is moreover determined by the projection of this point to Af(u.6(). The data of 
this intersection point gives a diffcomorphism from the moduli space of holomorphic spheres 
passing through u{9) to Af(M,6i)j which yields a diffcomorphism 

(7.3) d'^VmO)^ NiVo.i{L;~f3)). 

where N{'Po,i{L\ is the bundle over 'Po.i{L; ~(3) whose fibre at {u,9) is Nf^y^ gy Note 
that this is a sub-bundle of the product Vo,i{L] —P)) x CP"^^. If N^^.y^ g-f is the unit normal 
bundle of -/V(ti.e), and N{'Pq,i{L; ~P)) is the corresponding bundle over Vo,i{L; — /3), we can 
extend this map to a diffeomorphism 

(7.4) d^V{L;0)^N{roAL;~m 

(7.5) {u,0,[v]) {u,9,n{u,9,[i]) 

whose construction we explain presently. It is convenient to first give an alternative descrip- 
tion of CA4i{M;a): Consider the subgroup AutR+(CP"', oo) of Aut(CP"^,oo) consisting of 
automorphisms which act on the tangent space of CP^ at oo by multiplication with a posi- 
tive real number. The quotient of the moduli space of parametrized holomorphic spheres by 
AutR+ (CP^, cw) is naturally diffeomorphic to CMi{M; a). In particular, given an element 
[v] of Aii{M; a), the choice of a paramctrization determines a lift [v] to CA4i{M; a). 

With this in mind, we write down the inverse diffeomorphism to (|7.4p as follows: The 
normal bundle of -/V(ti,6i) is 0(1) so there is a unique section of the normal bundle, passing 
through every element n of -/V(u,e) lying over n £ A^(ti.6i)i which vanishes exactly on the or- 
thogonal complement of n. Using the exponential map to identify a neighbourhood of the 
zero section in the normal bundle of -/V(u,e) with a neighbourhood in CP"^^, and rescal- 
ing the section determined by n by a uniform constant so that it is contained in such a 
neighbourhood, wc obtain a hypersurface of CP"~^ which we denote by -ZV(u,e,ri). Given an 
element (w, 9^ h) in the right hand side of (|7.4p . its image under the inverse diffeomorphism 
is the triple (w, 9, [v]) G d^V {L; 0) where [v] is the lift determined by the paramctrization 

(7.6) v{c^) = u{9), v{0) G C" X {n} and v{l) e A^c^, 

From the data of the diffcomorphism of (|7.4p . we associate to each element {u,9,[v]) S 
d^V {L; 0) hypersurfaces 

(7.7) = N^u,eMuM,[v]) C CP"-^ and Nf^^g^^,^^ = C" x ATf^^ejq). 

Remark 7.2. When we were proving the existence of a gluing map with source d^V {L; 0), 
we considered the family of equations obtained by rotation by the parameter 9, so that our 
matching condition was on u{l) (in other words, u here corresponds to uor^g in the previous 
section). The reason for introducing a family of equations parametrized by the circle was 
that the moduli space of discs passing through a fixed point in L may not be regular. As 
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regularity holds for the moduli space of spheres passing through a point in L, we shall use 
the simpler setup here. 

Lemma 7.3. There exists a gluing map 

(7.8) G^^° : d^r [L- 0) x [5, +00)^ ^ Vm 0) 
which is a diffeomorphism onto a neighbourhood of ff^V {L] 0) . 

□ 

Setting aside issues of notation, the conceptual part of the proof is simpler than the gluing 
result introduced in Section [5] because we shall be able to construct an explicit inverse to the 
gluing map after introducing an additional parameter corresponding to the tangent space 

of Poa(i;-/3)- 

The first step to proving Lemma 17. 3[ is setting up a Banach complex controlling the 
tangent space of d^V (L; 0) at each point. Because of the way we're treating the variable 
6, this will not be a complex of Banach bundles (in the uniform topology) over d'^V {L; 0), 
but our arguments will be insensitive to this problem since we will prove smoothness by 
constructing an inverse which will be proved to be a diffeomorphism. 

Equip (Z?^,e'^) with the strip-like end at e'* obtained by composing the strip-like end 
5i of (|4.31[) with rotation by angle 6. The linearisation of the operator d-p on the Sobolev 
space of W^'P maps with an exponential weight S along the strip is a Frcdholm map 

(7.9) D-p : T[0, +00) © W^j^^^^,,^ {u*TM, u*TL) ^L^(^\e^'>) {u*TM ® 9P'^D^) 

which is an isomorphism since 'P{L] —(3) is regular and zero-dimensional. Moreover, the 
factor W^^2^^if).^{u*TM,u*TL) is also equipped with an evaluation map to TL which is the 
value of the vector field at e*^. 

Next, we equip CP^ with a cylindrical end near 00 coming from the unique isomorphism 

(7.10) X (-00, +00) CP^ - {0, 00} 

taking (1, 0) to 1, which we use to define a Banach manifold J-^'^{M) modeled after 

(7.11) WlS>'f,^^iv*TM). 

where CP^ equipped with a cylindrical metric near 00. The direct sum of the linearisation 
of the d operator and the evaluation map to TM at 00 is a Fredholm map 

(7.12) Wl^'f^^^{v*TM)^q^^,^^^{v*TM) © TM. 

The above discussion implies that for each (u, 9, [v ]) G d^r{L;0), the restriction of ([7T^ 
to those W^'P section of v*{TM) whose projection to CP"~^ vanishes at and takes value 
in TN(^^^g^[^j at 1 is an isomorphism: 

(7.13) W^('c^'i%) ((CP\ 0, 1), {v*TM, TC" x {n}, riVfj;,^ ^LP''{v*TM) © TM. 

Finally, the moduli space of holomorphic discs in the trivial homotopy class mapping — 1 
to u{l) and to v{0) is rigid and consists of a unique "ghost bubble" gh(M, v). Consider the 
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cylindrical end at 

(7.14) ^0,9- S^^{~oo,Q]^D^-{0} 

(7.15) (</), 5) e^+*(^-*\ 

which varies according to the parameter 9, and fix the strip-like end at —1. The 
fact that the moduli space of constant discs is regular implies that the direct sum of the 
linearisation of the d operator with the evaluation map at the boundary marked point defines 
an isomorphism 



(7.16) W^'if/o,-!) (gh(", vTTM, gh{u, vYTL) ^L^'' {gHu, vYTM) . 



>TL. 



The tangent space of d^V {L]Q) is controlled by the operators (|7.9|) . (|7.12|1 . and (|7.16|1 . 
Taking a fibre product over the evaluation maps to TL and TM at the marked points, we 
obtain an isomorphism 
(7.17) 

T[0, +^) © ^^('ir^t.o)) {u*TM, u*TL) ^D^e'O)) {'^*TM ® OP^^D'^) 

®TM © 

W^(CpC) ((CP\0,l),(t;*TA/,rC" x {xy},v*TNf:^,^^^^^)) q^^,^^^ {v*TM ® n^-^Cr^) . 

As in Equation (|4.4ip . a choice of parameters (S'l, S'2) determines a surface T,Si,9,S2 defined 
by gluing CP^ to ^Si,e (itself obtained by gluing (D^,e*^) to {D'^,-1)) along the chosen 
cylindrical ends, which moreover carries a distinguished bi-holomorphism to coming from 
the marked disc {D^,9). If we choose S'2 large enough, the points and 1 on CP^ lie away 
from the gluing region, and survive as distinguished points on J^Si,e,S2 whose images in D'^ 
are denoted by 

(7.18) zo{Si,9) Siud zi{Si,S2,e). 

Lemma 7.4. Under the unique automorphism ts^ (0) of fixing e'^ and mapping 20(6*1, 9) 
to the origin, the image of zi{Si, S-?,9) lies on the positive real axis. 

□ 



Pre-gluing the maps u and v together with the ghost bubble gives a map 
(7.19) preGs,,sA^,9,[v]): D^^M 

which is an approximate zero to (|2.10p in the trivial homotopy class. To prove that there is 
a solution near preGg^ g^(u,9, [v]) shall consider Sobolev spaces on equipped with the 
metric gsi,0,S2 coming from Ssi.e^Sa- 

Using breaking of TA/-valued 1-forms and pre-gluing of vector fields, the inverse to (|7.17p 
defines an approximate right inverse to Dg^ at preGg^ g,^{u,9, [v]). As in CoroUarv I5.17[ 
we conclude the existence of a right inverse whose image consists of vector fields which are 
obtained by parallel transporting (and cutting off) vector fields in the left hand side to 
Equation (j7.17[) . For S'l and S2 large enough our two marked points 2:o(S'i) and 2:i(S'i, S2, 9) 
lie in the region where the cutoff functions vanish, and the parallel transport is the identity. 
In this case, the image of the right inverse consists of vector fields along the disc whose 
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component in the CP" "'^ -direction vanishes at zq(Si, 9) and which take vahie in the tangent 
space to N1^^ g j-j^ at zi(5'i, S'2, 6'). Abusing notation a httlc bit by dropping the pullbacks 
from the notation, we conclude 

Lemma 7.5. The operator 
(7.20) 

T[0, +00) © W^i^f ({D\ S\ zoiSi,9), z,{Si,S2, 9)), [TM, TL, TC" x {n}, riV';';,^,]))) 

i 

LP{TM ®n°'^D^) 
is an isomorphism with uniformly bounded inverse. 

After checking the quadratic inequahty with respect to the metrics on Sgj^g^g^, and prov- 
ing an estimate on the norm of c^-p preGg^ g^{u,9, [v\), we may apply the implicit function 
theorem at the origin of a chart centered on preG^^ Sa^^' ^' t^D ^° conclude: 
Lemma 7.6. There exists a constant e such that if Si and S2 are sufficiently large, then 
there exists a unique element solsj.Sa '^f source of (|7.20p at prcGg^ g^{u,9, [v]) whose 
norm is bounded by e and whose image under the exponential map is a solution to (j2.10p . 

We define the codimension 3 gluing map G^^° to be the composition of pre-gluing with 
the exponentiation of the vector field solsj^^^. 

It remains to prove that (|7.8p is a diffcomorphism onto a neighbourhood of d^V {L; 0) in 
'P{L; 0). Our arguments rely on extending the gluing map to a map: 

(7.21) G"'' : d^r (L; 0) x [0, +oof x [~2ri, 2rj] V{L; 0) x 

(7.22) {u, 9, [il Si,S2, A) ^ {g^SuS. ^> I^l). ^ + a) ■ 

Here 77 is a sufficiently small real number, and G^^ Sa^^' ^' I^D gluing map constructed 

with respect to the right inverse induced by the hypcrsurfaccs -/V(u.e+A) ^-nd -/V(u.e+A,[5]) 
rather than N(^^ g-^ and -/V(u,6(,[i3])- In particular, the image of this right inverse consists of 
vector fields which are tangent to the C" factor at zo('5'i, 9) and take value in TN^^^ j-jj 
at 21 (51,0,^2). 

For A small enough, the hypersurface N^^g_^_^^ still intersects all spheres passing through 

u{9) transversely, and this is the only property we used. We shall write G for the restriction 

of (|7.21|) to a fixed A. Note that the composition of G for A = with the projection to 
V{L; 0) is the previously constructed gluing map G"*^". 

We shall now define an a priori left inverse 

(7.23) U3{r{L; 0) x S^) ^ d^V {L; 0) x [0, +00)^ x {--q, ?]) 
from a neighbourhood Us{V{L; 0) x S^) of the hiiage of G" in V{L;0). 

The neighbourhood U3{V{L;0) x S^) consists of pairs {w,(j>) such that w is close to a 
unique solution u to p.lOp in homotopy class —f3, away from a small disc centered on the 
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boundary, and a re-parametrization of w is close (again, away from a small disc) to a 
holomorphic sphere v' passing through some point uid'). In addition, the angular parameter 
is required so satisfy |0 — 0'| < 2rj. Choosing r/ to be sufficiently small, these properties are 



sufficient to ensure that w' contains a unique point lying in a neighbourhood of 



(j). This point can be uniquely written as 2o('5'i,^), determining the parameters 5*1 and 0, 
and hence defining a map 



The point w{zf){Si, 9)) already determines a holomorphic sphere v passing through u{9) up 
to parametrization. We shall now explain how to recover the lift [v\ and the second gluing 
parameter. 

Since the composition of w with rg^ [9) is C^-close, away from a neighbourhood of the 
boundary of , to a re-parametrization of some holomorphic sphere the image of the 
positive real axis under this map intersects a unique hypersurface of the form N^^ ^ j-j^. The 
image of this intersection point under the automorphism tsi{9)^^ can be uniquely written 
as zi{Si, 9,82), so we obtain a map 



which completes the construction of (|7.23p . 

The fact that the map described in Equation (|7.23p is a left inverse to the gluing map 
follows straightforwardly from the fact that, for a given A, our chosen right inverse along a 
pre-glued curve consists of vector fields whose projection to rCP"^^ vanishes at zo{Si,9), 
and which take value along TN^^ j^j^ at zi{Si, 9, 82)- Since hyperplanes are geodesically 
convex for the standard metric on CP""^, applying the implicit function theorem yields a 
glued curve that has exactly the same intersection properties with -^(^"gj and N^^g_^_x [i])! 
i.e, the pair of points of mapping to C" x {n} and A^^^ g_^_^ j^j^ do not change. 

Note that the construction of a left inverse automatically implies that the extended gluing 
map (|7.21|) is injective. As to surjectivity onto the open set Uz{V{L\ 0) x S^), observe that 
it suffices to prove surjectivity onto the fibers of (|7.23p . so long that the gluing parameter 
in [0, +00)^ is sufficiently large. The idea, as implemented in Lemma [5.181 for the gluing 
result near the codimension 1 stratum, is that as the gluing parameters go to infinity, the 
distance (in an appropriate Sobolev norm) between any two solutions in the same fiber of 
(|7.23[) must go to zero (this uses the definition of Gromov compactness and an exponential 
estimate for the norm of small energy annuli and strips). However, the implicit function 
theorem implies that there is a unique such solution in a uniformly sized neighbourhood of 
the image of the gluing map. We conclude: 

Lemma 7.7. The composition of the extended gluing map (|7.2ip with the projection to 
'P{L\Q) is a proper surjection onto a neighbourhood of d'^V {L;0). 

Next, we show that the extended gluing map (|7.23p is a diffeomorphism onto its image for 
Si and 5*2 sufficiently large. First, we prove that the map 




(7.24) 
(7.25) 



U3{V{L;Q) X S^)^N{ro.i{L;-0)) x [0,+^) x (-7^,ry) 
{w, (/)) ^ {w{za{Si,9)), u,9,Si,cj)-9) . 



(7.26) 



U^iiVmO) X S^)^N{V^^i{L--P)) X [0,+^)2 X (~r;,7/) 



(7.27) 



C/3(7'(L;0) X 5I) ^ N{VoAL; -/3)) 
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is smooth with no critical point. To see this, consider the restriction of D-p at G^^ (u, 9, [v]) 
to those vector fields whose projection to CP""^ vanishes at zq{Si, 9). This operator is sur- 
jective by parallel transport of the analogous result from preG5^ 52(^1 ^' I^D- particular, 
the evaluation map 

(7.28) UaiVmo) x S^) x ^ M x Vn.i{L) 

(7.29) {w,(j),z) ^ {w{z),u,(l)) 
is a submersion at 

(7.30) (g^^,s^(7/,0,[{)]),0 + A,zo(5i,0)) , 
so that the component of the inverse image of 

(7.31) ivC"(7'o,i(i; -/?)) = c" X iv(7'o,i(i; -/?)) 

passing through this point is a smooth submanifold. Using Gromov compactness, we know 
that for 5*1 and ^2 sufficiently large, G^^ g^{u,9, [v]) is C^-close to v, which implies that 
the tangent space of the image of G^^ g^{u,9, [v]) at zq{Si,9) is transverse to TN'^^ e+x)- 
In particular, this component of the inverse image of N'^^g^-^-^ in Uz{'P{L] 0) x S^) x is 
transverse to the fibres, and is therefore defined by a smooth section. The reader may 
easily check that the map defined in Equation (|7.27p is the composition of this section with 
the evaluation map to Af , which establishes its smoothness. 

By composing this smooth section with the projection to the U^-direction, we conclude 
the smoothness of the map 

(7.32) U^{Vm 0) x S^) ^ N{VaAL- -/?)) x [0, +00) x 

where the last two coordinates are the pair {9, Si) determined by the intersection point 
zq{Si^9). An argument along the same lines shows that the inverse to the gluing map 
described in Equation (|7.23p is a bijective smooth map with no critical points. This im- 

" <v 

plies that the extended gluing map G also satisfies these properties, i.e. that it is a 
diffeomorphism. 

We shall need to know only one quantitative property of the differential of (|7.23p . Consider 
a pair of sequences Wi converging to a point {u',9',v') in d'^V {L:0), and (pi converging to 
9': 

Lemma 7.8. The (p- derivative at {wi,(j)i) of the third component of the inverse (|7.23p of 
the extended gluing map G converges to 1. 



Proof. The third component is a difference 9 — (pi, where the angle 9 depends on as the 
angular parameter of the point of intersection between Wi and N'^^ ^ y Assuming i to be 
large enough, we may choose a gluing parameter Si very large such that Wi o rs; (0) is 
C^-close to a parametrization Vi of a holomorphic sphere mapping to N"^^ ^ and 1 to a 
hypersurface N"^^ ^ In particular, the C^-norm of the restriction of Wi o TSi{4>) to this 
region is uniformly bounded for i large enough, so the inverse image of a nearby hypersurface 
^fu tf>) under Wi o ts^ ((/>) is a point whose norm is bounded by a constant multiple of 1 — 0i | . 
Reparametrising the disc by the inverse to TSi{9i), whose derivative near the origin decays 
exponentially with Si, we reach the desired conclusion. □ 
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We shall now prove surjectivity of the gluing map by proving that the gluing map has 
degree 1 at infinity. Let G-'' denote the composition of ' with the projection to 'P{L] 0). 
We pick an open neighbourhood End3('P(L; 0)) of d^V {L; 0) in ■p(L; 0) lying in the image 
of G-**; and with the additional property that it does not intersect the image of the set 

(7.33) d^P (L; 0) x {S} x [S, +oo) x [-2ri, 2?/] U d^P (L; 0) x [5*, +oo) x {S} x [-2?;, 2r]]. 

Note that this choice is possible because the definition of Gromov's topology implies that the 
images of the above sets, as Si or 5*2 in [S, +oo) go to infinity, do not converge to d^P (L; 0). 
To prove that this map has a well-defined degree, consider any two points of End3(P(i; 0)) 
which lie in the same component. Choosing a generic path between them, we find that the 
inverse image under G^** is a smooth 2-dimensional submanifold of d^P (i; 0) x [S, +oo)^ x 
[—277, 2?7] with boundary on the "horizontal boundary" 

(7.34) d^P (L; 0) x (5, +00)^ x {-277} U d^P (L; 0) x {S, +oof x {2?7}. 
In particular, the intersection of this surface with 

(7.35) d^P (L; 0) x {S, +00)^ x {0} 

is a compact 1-manifold with boundary for generic paths. Interpreting this manifold as a 
cobordism between the inverse images of the two points under the gluing map, we conclude 

Lemma 7.9. The number of inverse images of a point in End3('P(L; 0)) under G'^^*', 
counted with signs, depends only on the connected component in End3(7'(L; 0)). 

□ 

We denote this integer count of inverse images the degree at infinity of the gluing map. 

We shall now use Condition (|7.2p to prove that this degree is 1, thereby proving surjectivity 
of the gluing map. Let us choose a constant p such that the hypersurface iV(u agrees with 
A^(„ 0) whenever \9\ < 2p, and assume that rj < p. Using Gromov compactness, we note that 
if the gluing parameters are large enough 

(7-36) G5i,s.(". 1> M) = g45^(u',0', M) ^ u = u' and \6'\ < p. 

Lemma 7.10. The gluing map has degree 1 at infinity. 

Proof. By the Equation (|7.36p . it suffices to prove the gluing map is injective when restricted 
to a neighbourhood of 6' = 0. In such a neighbourhood, the extended gluing map is essentially 
independent of A: 

(7.37) G-\u,9, [v] , A) = (G°^^ {u,9,[v]),e - X) . 

The proof that G is a diffeomorphism by constructing a left inverse implies that the gluing 
map G^^"^ is also a diffeomorphism, and hence is injective. □ 

Lemma 7.11. The gluing map (j7.8[) is a diffeomorphism onto a neighbourhood of d^P {L; 0) 
in P{L;0). 

Proof. Since a degree 1 map with no critical point is a diffeomorphism, it remains to show 
that G is an immersion. Since the extended gluing map is a diffeomorphism, it suffices to 
show that its restriction to A = is transverse to the fibers of the projection map to P{L; 0), 
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which is itself equivalent to the statement that the image of (the tangent direction to the 
circle fibre in V{L; 0) x 5*^) under the differential of the inverse gluing map, does not lie in 
the tangent space of d^V {L; 0) x [S, +(X))^. Lemma (|7.8p implies precisely this. □ 

7b. The corner structure at the codimension 3 stratum. Next, we consider the mod- 
uli space d^V {L; 0), with its universal circle bundle d^V {L; 0) which can be compactified 
to a manifold with boundary d^P (L; 0). In particular, wc may define a gluing map 

(7.38) G^^^ . Qzp (2.; 0) x [S, +oo) d^V (L; 0) 

which is a diffeomorphism onto a neighbourhood of d'^V {L; 0). We can define such a map 
using the implicit function theorem as before, but it is also possible to do so explicitly: 
consider 5* large enough so that holomorphic spheres passing through u{zq{Si, 6)) for S < Si 
are transverse to the hyperplanes iV^*^ and N^^ g ~ ^ introduced in the previous section. We 
have a smooth map 

(7.39) N{VoAL; -/?)) x [S, +oo) ^ d^V {L; 0) 

(7.40) {u,9,n,Si) ^ (u, zoiSi,e),[v]) , 

where the paramctrization on [v] is fixed by the properties 

(7.41) i;(oo) = uizoiSuO)), i;(0) e C" x {n} and v(l) e ^fJl^.s)- 

It is not hard to check that this is a diffeomorphism onto a neighbourhood of d^V {L; 0) 
in d^P (L; 0). After composition with the diffeomorphism of Equation (|7.4p . we obtain the 
desired gluing map. 

Let C/|' {d^V {L; 0)) denote the image of the restriction of G^-*^ to d^V {L; 0) x [S, S'). By 
inverting G'^"*^ in this domain, and composing with G'^^*^, we obtain a map 

(7.42) ufid^P {L; 0)) x [S, +oo) d^V (L; 0) x [S, +oof P{L; 0). 

As a prelude to defining a gluing map on d^V {L]0), we shall realize this composition 
by applying the implicit function theorem to an appropriate right inverse along pre-glued 
curves. More precisely, consider a pair (u, z, [v]), where z = zo{Si, 9). We have a cylindrical 
end at zo(5i,0) induced by pre-gluing from the cylindrical end ^o.e of Equation (|7.14|) on 
the ghost bubble. Explicitly, the cylindrical end at 20(51,6*) is 

X (-00,0] -^D^ - {0} 

(7.43) (</>,5)K^(r5,(0))-^(e^+'*), 

Next, we consider the paramctrization of [v] which maps to N^_^ and 1 to A''^^ ^ A 
choice of parameter 52 gives an approximate solution to d-p in the trivial homotopy class 
obtained by pre-gluing [v\ and u along their chosen cylindrical ends. Note that zq{Si,9) 
survives as a distinguished point on the domain of the pre-gluing, which is also equipped 
with a marked point zi{Si,9, S2) coming from 1 g CP^. If Si and ^2 are sufficiently 
large, the operator D-p at this pre-glued curve becomes an isomorphism, with an inverse 
that is uniformly bounded with respect to the gluing parameters, when restricted to those 
vector fields whose projection to CP"~^ vanishes at zo(5i,0) and which take value in the 
appropriate hypersurface TN^^ g at zi{Si^ 9, 52). 
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Using this right inverse, we can define a gluing map 
(7.44) Ul' {d^r (L; 0)) x [S, +oo) ^ P(L; 0) 

for S large enough. The image of ((u, zo(S'i, 6*), [■D]),S'2) is a solution to p.lOp such that 
zo('S'i, 0) projects to n £ -/V(u,e)i f^nd zi{Si, 9, S2) maps to the hypersurface N^^^ g Lemma 
17. Ill implies that there is a unique such curve in the neighbourhood of d^V {L; 0) in V{L; 0), 
which is moreover the image of ((u, 2;o('S'i, 0), [v]), S2) under the composition of gluing maps 
(IZHl). We conclude 

Lemma 7.12. The gluing map (j7.44p agrees with the restriction of the composition (|7.42[) 
to Ul'{d^P{L;0)) X [5, +00) . 

□ 



There is also a smooth embedding 
(7.45) G^"*^ : d^V {L; 0) x [S, +00) d^P {L; 0) 

for S large enough, defined by the choices of right inverses and strip-like ends as in the 
previous section. Indeed, starting with a parametrized sphere bubble [v] passing through 
u{0), a choice of a sufficiently large gluing parameter Si defines a pre-glued curve which 
is an approximately holomorphic disc preGg {[v],gh.{u{9))). The pre-glued disc is equipped 
with two distinguished interior points zq(Si) and zi{Si) coming from {0,1} S CP^, and, 
as in the previous section, the restriction of the linearisation of the d operator becomes 
an isomorphism with uniformly bounded inverse once its domain is restricted to to vector 
fields which vanish at —1 and Zo{Si) and take value along some hypersurface TNi^y^ g-f at 
zi{Si). Using this isomorphism to define the right inverse to Ug, we apply Floer's Picard 
Lemma to construct G'^~*^, and the existence of a smooth inverse to G^~*° in order to 
conclude that G'^~*^ is a diffeomorphism onto a neighbourhood of d^V (£; 0) in d^V (L; 0). 
In particular, the gluing map ()7.45p is compatible with the projection map to the CP"~^ 
bundle N{Vo,i{L\ over Vo,i{L; — /?) in the sense that we have a commutative diagram 



(7.46) 



d^V (L; 0) X [S, +00) 



N{Vo.i{L\~P)). 

Lemma 7.13. The gluing map G'^^"'^ determines a smooth structure on the manifold with 
boundary 



(7.47) 



d^V [L- 0) = d^V {L; 0) U d^V (L; 0) , 



□ 



7c. The codimension 2 stratum. The main result of this section is 
Lemma 7.14. There exists a gluing map 

(7.48) G^^° : d^V (L; 0) x [5, +00) P{L; 0) 
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which is a diffeomorphism onto a neighbourhood ofd^T'{L;0) in 'P{L;0) and such that the 
diagram 

(7.49) d^V (L; 0) x [S, +00)'^ ^ d^V (L; 0) x [S, +00) 




commutes for S large enough. 

□ 

The proof is essentially the same as that of Lemma 17. 3[ so our discussion shall be brief. 
The key step is a careful construction of the gluing map. First, we consider a family of 
hypersurfaces Nf^y^.,) C CP"~^ smoothly parametrized by z G intZ?^ and u e V{L]—f3), 
which agrees with -/V(ti,6i) near the boundary. In addition, we require that 

(7.50) u{z) i 7V(„,,) 

whenever z S D^, and u G V{L\ — /?). As in the discussion following (|7.2p . one can easily 
construct such a family starting with the family of hyperplanes "orthogonal" to each point, 
then modifying this family by a cutoff function near the boundary to ensure that the surfaces 
are independent of the radial direction. We obtain a bundle 

(7.51) N{Vi,o{L- -/?)) CP"-i X 7'i,o(i; -/?) 



whose fibres are the hypersurfaces N(^u.z)- We denote the normal bundle of N{Vifi{L\ —(3)) 
in the product by N{Vi.q{L\ —(3)), and associate, as before, hypersurface 

(7.52) N^u,z,h) C CF"-^ and A^(;"^,fi) C C" x CP"~^ 

to every n G ^'^([i,^). Moreover, we can associate to each such n a unique holomorphic sphere 
[u] satisfying the analogue of Equation (|7.6p , yielding a diffeomorphism 

(7.53) NiVML;-l3))^d^PiL;0). 

We fix the choice of cylindrical end near 00 G CP^ as in (|7.10p . so the next step is to 
choose a cylindrical end for each z G which we require to be compatible with the choice 
of cylindrical end determined by pre-gluing whenever z is sufficiently close to the boundary. 
Note that setting 5i = in (|7.43p defines a cylindrical end which is independent of 9. In 
particular, the previously chosen family of cylindrical ends extends from a neighbourhood 
of to the entire disc. 

We have now made all the necessary choices to carry through the same procedure as in 
Section [7al and define a gluing map G^^°. 

Remark 7.15. Since d^V{L;0) is not compact, there is no a priori reason to believe that 
there is a uniform constant for which the gluing map is defined. However, Lemma \ 7.12\ 
implies that if we restrict to a neighbourhood of d^V (L]Q) in d^V{L;0), we can define 
gluing using the composition with the gluing map G^^° with inverse of the gluing map 



72 



M. ABOUZAID 



G^^^, as in (j7.42p . The existence of a a global constant S for which the gluing map G^^° 
is defined follows immediately. 

It remains to prove that the ghiing map (j7.48p is a difFeomorphism. Unhke aU our other 
arguments, the gluing procedure in this setting takes place in the region where the 1-form 7 
does not vanish, which could a priori affect the analytical parts of the argument. However, 
the reader may check that the estimates in Appendix [X] and Section [5] relied on the fact that 
7 was uniformly bounded in the L^-norm, rather than its vanishing. It is not hard to see 
that this is still true even with the weighted L^-norms we would use when gluing at interior 
nodes. With this in mind, the proof that G^^*' is a diffeomorphism onto a neighbourhood 
of d^V {L; 0) is entirely analogous to the strategy deployed in Section [7a| and is left to the 
reader. We simply note that the analogue of Equation (|7.2ip is a map 

(7.54) d^V (i; 0) x [S, +00) x P(L; 0) x C 

where B2ri is a disc of radius 277, and the map to the second component is given by the 
addition: 

(7.55) (m, z, ['D],S'2,2;o) i-^ z + zq. 



7d. Compactifying the capping moduli spaces to manifolds with corners. In this 
Section, wc prove Lemma 12.141 

Lemma 7.16. There exists a smooth embedding 

(7.56) G'^ : d'^C (L) x [S, +00) ^ C{L) 

onto a neighbourhood of d^C {L) inC{L). Moreover, on the boundary d'^P {L; 0) of d^C (L), 
G'' restricts to a gluing map with target dC{L) = d^P (L; 0) which satisfies the commutative 
diagram given in Equation (|7.46p . 

To define G'', we proceed in exactly the same way as before, and consider a smooth 
family Ni^c.^^^) of hypersurfaces in CP"~^ parametrized by z G and Cu a capping disc for 
u G P{L\ ~(3) as in Equation (|2.39p . We require that the projection of c„(z) to CP"~^ not 
lie in iV(f,„,z), and that iV^^^ ^.gie-j = N(^^ g-j whenever r is sufficiently close to 1. The union of 
these hypersurfaces defines a smooth submanifold 

(7.57) N{d'^C{L)) C CP"-^ x P{L; 0) x 

Following the strategy used in the previous sections, wc consider the unit normal bundle 
N{d'^C{L)) of N{d'^C{L)), which projects submersively onto P{L; 0) x D'^ with fibre at (u, z) 
the unit normal bundle -/V(cu,z)- Again, each point n e -/V(cu,2) determines a hypersurface 
-^(c z n) ■ A.S z and Cu vary, we conclude 

Lemma 7.17. There exists a diffeomorphism 

(7.58) N{d'^C{L)) ^ d'^C{L) 

(7.59) {u, z,n) 1-^ {u, z,[v]) 

where the class of [v] is determined by a parametrization of mapping 00 to c„(z), to n, 
and 1 to the hypersurface N9^ ^ . 
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Using this identification, we can construct the gluing map of Lemma [7. 161 Since the gluing 
map is defined by first pre-gluing the sphere bubble to a ghost bubble, the only remaining 
choice is that of a cylindrical end at the origin of the disc. Because the choice (I7.14p of 
cylindrical ends on ghost bubbles passing through the boundary of c„ does not extend to 
the disc, we shall work with a constant the cylindrical end = Co,o which is independent 
of z. With this in mind, the rest of the construction is left to the reader. 

We can now construct a manifold with corners C{V) as asserted in Lemma [2. 141 

Proof of Lemma l2.14\ We define C{L) to be the union of C(L) and d'^C (L) x (5, +cx3] along 
d^C (L) X (S, +oo) mapping to C{L) by the gluing map (|7.56p . Any choice of homcomorphism 
from (5, +oo] to (0, 1] which is differentiable in the interior determines a smooth corner 
structure on d^C (L) x (5, +oo], and hence on C{L). □ 

Note that this construction induces the structure of a smooth manifold with boundary on 

(7.60) d^C (L) = d^V (L; 0) U d^V {L; 0) . 

We constructed a smooth structure on this very space in Lemma 17.131 and denoted the 
resulting manifold with boundary d^V {L; 0). Since the choice of cylindrical ends on the 
ghost discs is constant on one side and depends on the angular parameter in the other, the 
gluing maps are a priori different, so the smooth structure may also be different. The defect 
is resolved by the following result: 

Lemma 7.18. There exists a diffeomorphism 

(7.61) d^C{L) ^ d^V{L-Q) 

which agrees with the identity on d^V {L; 0) and away from a neighbourhood of d'^V (L; 0). 

Proof. Let us write G5 for the gluing map 

(7.62) d^Vmo) ^ d^P{L;0) 

which is the restriction of Equation (|7.48p to the boundary of d^C (L) and to a gluing 
parameter S. Since d^P {L; 0) and d^C (L) are homeomorphic, and diffcomorphic away 
from the boundary, the image of G5 is a smoothly embedded submanifold d^V {L; 0) which 
is cobordant to the boundary. We write for this cobordism. 

Note that both components of the boundary of X^ are equipped with diffeomorphisms 
from d^V{L]0) (one is G5, and the other is essentially the identity). Our construction 
would be complete if we were to know the existence of a diffeomorphism 

(7.63) d'^P{L;0) x[0,l]^ X^, 

whose restriction to d'^V (L; 0) x {1} is G5, and whose restriction to ff^V (i; 0) x {0} is the 
identity. Indeed, d^V {L; 0) x [0, 1] is also diffeomorphic (upon choosing an identification of 
[0, 1] with [S, +00] with the cobordism in d^C (L) between the image of G| and d^r{L;0), 
so (|7.63p defines a diffeomorphism from a neighbourhood of the boundary in d^V {L; 0) 
to a similar neighbourhood in dC{L), which is the identity on the boundary component 
d^V (L; 0) X {0}. The condition that this map restricts to Gg on the shce d^V {L; 0) x {1} 
implies, as desired, that this map extends to the identity outside this neighbourhood. 
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It remains therefore to prove (|7.63p . To do this, we consider the manifold obtained by 
gluing the two boundaries oi together along the map G5. Note that the diagram (|7.46p 
is commutative for the gluing maps used to define both d^V {L; 0) and dC{L). This implies 
that we have a fibration 

(7.64) ^ N{Vos{L;~P)) 

whose fibres are diffeomorphic to the 2-torus. We would like to check that this bundle 
is trivial. Since Gromov compactness implies that we have a trivialization of as a 
topological cobordism, we know that Y^ is a trivial fibration in the topological category. 
A classical result, see [4|, asserts that the inclusion of the group of homeomorphisms into 
diffeomorphisms of is a homotopy equivalence, so we conclude the desired result. □ 

8. Construction of a smooth manifold with corners 

In this section, we prove Lemma 12.101 by constructing the desired manifold with corners 
7'(L; 0). The only missing technical point for that Lemma is the proof that the gluing map 
Gs of Equation (|6.ip has degree 1 (the reason degree makes sense shall be clear after Lemma 

nil). 

8a. The degree of the gluing map. Recall that the inclusion d^V {L; 0) into ^gi^^L-Q-fiL) 
requires the choice of a section of an Aut(D^, —1) bundle. The gluing theorem of Lemma 
17.131 determines such a section away from a compact subset in d^V {L\ 0), which we extend 
globally (there are no obstructions since Aut(D^, —1) is contractible). Moreover, we choose 
the compact subset K C d^V {L; 0) to be sufficiently large so that its interior together with 
the image of G'^~"^ form a cover of d^V {L;0). Finally, we assume that the right inverse 
chosen in (|4.40p satisfies the following property: 

On the image of G'^^^, Qqi'p^^.q) agrees with the right inverse induced by the 
gluing map. 

Let us briefly explain the construction of this induced right inverse: for each pair (m, 9, v) 
in this neighbourhood, v comes equipped with two marked points obtained as the images of 
the two marked point which stabilize a sphere bubble. The image of Qgip^^.Q) is the set of 
tangent vectors whose projection to CP"^^ vanishes at one of the two points, and lie on a 
prescribed hypersurface at the other. 

Lemma 8.1. There exists a continuous gluing map 

(8.2) G : d^V (L; 0) x [S, +00) ^ P{L; 0) 

whose restriction to each slice d^V (L; 0) x {Si} is an immersion and such that the diagram 

(8.3) {L; 0) X [S, +00)^ ^ d^P (L; 0) x [S, +00) 

""^^^^^^^^^^^^^ ^(i 0) 

commutes. 

□ 
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Note that there is a slight abuse of notation since we are writing G in Equation (|8.2p for 
what should more consistently be written as 0"'^^°. The proof of this result is essentially 
the same as that of Lemma [7.141 In a neighbourhood of d^P {L;0), we define G as the 
composition of the inverse to G"^^""^, with the gluing map G"^~*°. On K x [Si, +oo), the gluing 
map G is defined as in Equation l6.1l The condition we imposed in Equation (|8.ip guarantees 
that these two maps agree whenever both are defined, which implies the commutativity of 
the diagram ()8.3p . 

We shall now prove that this map has degree 1 onto a neighbourhood of d^V {L; 0). Our 
starting point is the construction of a function on pairs of points in J-'-p (L) which will play 
the role of a distance even though it does not satisfy the triangle inequality. Given two 
maps w and w' in J^{L) we define 

(8.4) d{{R,w),{R',w')) = \R- R'\+min(\e\+iaaxd{w{ze'''),w'{z))) , 

where d on the right hand side is the ordinary distance with respect to a fixed metric which 
is smaller than all gz,R metrics. 

Lemma 8.2. The map d is continuous and vanishes only on the diagonal. 

□ 

We shall compare this function to the product metric 

(8.5) d{(R, u, 9, V, S), {R', u', 0', v', S')) = \R - R'\ + \S - S'\ + d{9, 9') + d{u, u') + d{v, v') 

of d^V {L; 0). The following Lemma is a quantitative version of the injectivity property of 
prcG implied by Lemma l4.12l 

Lemma 8.3. For each p > 0, there exists a constant e{p) > such that 

d{pTeGsiu,e,v),pTeGs,{u\9',v')) < l{p) => d{{R,u,9,v, S), {R' ,u' ,9\v\ S')) < p 

whenever {R,u,0,v, S) and {R' ,u' ,9' ,v' , S') are elements of K with u{l) — v{—\) and 
u'{l) = v'{-l). 

Proof. Fix p > 0, and assume, by contradiction, that there exists a sequence of pairs 
{Ri,u^,9i,Vi,Si) and (i?i, w-, 6'-, w-, S"-) such that 

(8.6) d{{R^,u,,9,,v,,Si),{R',X,elvlS'i)) > p 

(8.7) lim d{wcGg^{u,,9,,v,),woGs>{u[,9[,v[)) = 

We write {Ri,Wi) and (i?-, w-) for prcGg. {ui,9i,Vi) and prcGg/ (w,-, 6*,-, u-) respectively. First, 
we observe that the finiteness of the moduli space P{L; —(3) and Lemma 13.91 imply that we 
may assume that for sufficiently large i, we have an identity 

(8.8) (i?„uor_eJ = (i?-, m' o r_0- ) = (i?, u) 
for some fixed (i?, u) that is independent of i. 

Using the compactness of if , we may assume that the sequences {9i, vi) and [9[, v[) converge 
respectively to {9,v) and {9\v'). In addition, if Si converges to S and S'^ to S", then the 
fact, proved in Lemma [4.121, that preG is an embedding, contradicts our assumptions. 
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One of Si and S'^ must therefore converge to +00. To see that the other must satisfy the 
same property, we observe that the fact that v is not in the trivial homotopy class implies 
that for each {u, 9,v) € K there is a point ^(M.e.t,) in the interior of such that 

(8.9) d(f(z(„,e,.)),i) > 2po 

for a uniform constant po] we assume that p < pQ. The point 2:(«,e',i,') determines a marked 
point zsi^wi in the domain of Wi, which, for an unbounded sequence Si, converges to the 
boundary. Assuming that Si converges to +00 but 5*^' does not, we find that there is a 
neighbourhood of dD^ which is mapped to the po"Sized neighbourhood of L by w,-, but 
whose image under Wi lies away from this set. We conclude that 5*^ and 5,' both converge 
to +00. 

A similar analysis shows that d{wi, w'^) is necessarily bounded above by 9 — 6' /2 as Si and 
S'i converge to infinity, so we must assume 9 = 9' in order for (|8.7p to be satisfied. The final 
step of showing that v ^ v' is left to the reader. □ 

Next, we consider a map Ge given as the composition of the gluing map Ge with the 
projection to V{L; 0). Pick p much smaller than the injectivity radius of d^V {L; 0), and let 
the constant e in Proposition 15.41 be smaller than where e(p) is given by the previous 
Lemma and Cp is the uniform Sobolev constant from Lemma 15.91 

Lemma 8.4. The inverse image of a point under Ge has radius smaller than p. 

Proof. Assume that Ge.s{u,d,v,Y) and G^^s'iu' ,9' ,v' ,Y') are equal, and note that the 
projections of Ge,s{u,9,v,Y) and G^^s'iu' ,9' ,v' ,Y') to S^ are respectively g|— close to 9 
and 9'. 

Expressing Gc,s(m, 9, v, Y) and Ge,s'{u' , 9' , v' , Y') as the composition of this small rotation 
with the exponential of a vector field along the pre-gluing map, we find that 

(8.10) J(exp jr o + soi(r) o ._.), exp.,(r' o + soi(y') o ._.)) <ir<\ 

where we're w = u^sv ° (t>s ° ''-e and w' = u'^s'v' ° <t>s' ° fs' . Since \Y + so^F)!^^! < f 
(similarly for F'), we conclude that 

(8.11) J(preGs(u,0,«),preGs,(w',0',«')) < ~<P). 

which implies the desired result by the previous Lemma. □ 

Consider the smooth manifolds with boundary 

(8.12) V{L; 0) U d'^V (L; 0) and d^V (L; 0) = d^V [L; 0) U d^V (L; 0) 

obtained respectively by gluing d^P [L; 0) x {S, +00] to r{L; 0) along G^^°, and d^V {L; 0) x 
(^,+00] to d^V{L;{)) along G^-'^ Comb ining Lemmas I7.3[ I7.14[ and 18.11 we obtain a map 

(8.13) d^r (L; 0) x [5, +00) 7'(L; 0) U d"^-? (L; 0) 

whose restriction to each slice 9^P(L;0) x {Si\ is an immersion which is an embedding 
near the boundary of d^V {L; 0), and is moreover transverse to the boundary of V{L; 0) U 
d^ViL-Q). 
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Lemma 8.5. There exists a proper continuous map 

(8.14) PP : P{L; 0) U d'^V (L; 0) ^ [0, +oo) 
and a constant S sufficiently large such that diagram 

(8.15) preG* ker, Dp^ , x [S, +oo) ^ V{L; 0) 

[5", +oo) ^ [0, +oo] 

commutes up to the universal constant 2p for S sufficiently large. 

Proof. By Lemmas [731 and [131 the restriction of G to the image of G^~*^ is a diffeomorphism 
onto a neighbourhood of d^V (L; 0) in V{L; 0). We define in this neighbourhood to agree 
with the gluing parameter, and we let it vanish identically away from the image of G^. Our 
main task is to extend this map to the remainder of 'P{L;0). 

Given w G Im(Gi;) we consider a sequence of compact neighbourhoods with non-empty inte- 
rior whose intersection is w. The inverse images are compact subsets of preG ker^ x [S, +oo) 
whose intersection is G~^{w). By Lemma \8A[ the diameter of G~^{w) is bounded by p, so 
we may choose a neighbourhood of w whose inverse image has diameter bounded by 2p. By 
fixing a triangulation of 'P{L; 0) which is subordinate to this cover, it is easy to construct the 
desired function (simply by averaging over simplices). We omit the details but the reader 
may consult the proof of the next Lemma, and adapt it here. □ 

In particular, the map G has a well-defined degree at infinity; a path between points in 
FP~^{[Si,+oo) does not intersect the image of the boundary of d^'P{L;0) x [5, -|-cxd) if 
Si>S + 2p. 

Lemma 8.6. The gluing map G has degree 1 at infinity, in particular it is a surjection onto 
a neighbourhood of d^V (L; 0) in P{L; 0). 

Proof. We shall construct a map from a neighbourhood of d^V {L; 0) in P{L; 0) to the 
product d^V {L; 0) x [S, +oo) which will serve as a liomotopy left inverse to the gluing map 
G. Pick a triangulation of V{L] 0) as in the previous Lemma such all simplices have inverse 
images under Ge whose diameter is smaller than 2p. 

Construct a map / from the image of G^ to d^V (L; 0) x [Si, +oo) as follows: In a neigh- 
bourhood of d'^P [L] 0), this map is the honest inverse to G. Away from d'^V {L; 0), pick an 
arbitrary inverse image in preG ker^ D-pg ^ for each vertex of the chosen triangulation, and 
let the image of a vertex be the projection of this pre-image to d^V (L; 0) x [S, +oo). We 
extend this map to a cell of the triangulation by observing that the image of all vertices is 
contained in a geodesically convex ball, and using geodesies to define an analogue of linear 
interpolation. 

To prove that / is indeed a homotopy left inverse to G, note that the composition / o G 
maps every point to a point which is at most 2p away. In particular, every point and its 
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image are connected by a unique shortest geodesic. Following this geodesic defines the 
desired isotopy. □ 

8b. Construction of V{L; 0). Returning to the proof of Lemma [8.41 in the case where Y 
vanishes, we find that since sols(O) is bounded above in norm by a constant multiple of 
g-2(i-5)S^ the assumption that 

(8.16) Gsiu,0,v)^Gs'{u,e',v'), 

implies that the d-distance between preG(u, 6*, w, 5) and preG(u, 6*', u', S") is also bounded 
by a constant multiple of g^^'^^'^''^ + g-2(i-(5)s ^ Applying Lemma we conclude: 

Lemma 8.7. For any p, we may choose S large enough so that Equation (|8.16|) implies 
that (w, 0, u, 5*) and {u,9' ^v' , S') are within p of each other. 

Since the distance in d^V {L; 0) x [S, +oo) is bounded below by the difference between the 
gluing parameters, we conclude 

Corollary 8.8. // a sequence Si converges to infinity, and 

(8.17) ImGs. nGs^^0 

then lim^^+oo \Si - S^\ =0. ^ 

We can also specialize Lemma 18.71 to a fixed S. For S large enough, it implies that no 
two points that are a bounded distance away from each other can have the same image. 
On the other hand, CoroUarv 16. 161 implies that Gs is injectivc in sufficiently small balls in 
d^V{L;0). We conclude: 

Lemma 8.9. If S is large enough, the gluing map Gs is a smooth codimension 1 embedding. 
Moreover, for each p, we may choose S large enough so that the inverse images of points 
under G \ [S, -\-oo) are bounded in diameter by p. 

□ 

The image of Gs bounds a compact submanifold with corners included as a codimension 
submanifold of V{L\ 0) U d^V {L; 0) and can therefore serve as a model of P{L; 0). How- 
ever, since we have not shown the gluing map to be smooth in the direction of the gluing 
parameter, we shall perform a slightly more complicated construction in order to obtain 
appropriate control of the normal bundle of the boundary of ^{L; 0). Our next assumption 
is of a rather technical nature: 

There exists an open subset U^, of d^V {L; 0) intersecting each component non- 
trivially, and a (possibly disconnected) complex hypersurface such that v 

(8.18) intersects N-t orthogonally at whenever {u,6,v) lies in t/*. Moreover, the im- 
age of right inverse to ^^31^(^.0); restricted to curves in Ui,, is contained in the 
subspace of vector fields whose value at the origin lies in TN^,. 

As in Section [Tal we can use the intersection point with TV* to recover the gluing parameter: 

Lemma 8.10. There exists a smooth map 

(8.19) V{L;0)^R 

whose restriction to the image of Ui, x [S, +00) is the inverse to the gluing parameter. 
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□ 

In particular, the images of Ui, under the gluing map for different values of the gluing 
parameter are disjoint. In addition: 

Lemma 8.11. There exists an open subset C Ui, which intersects each component of 
d^V {L; 0) non-trivially such that 

(8.20) G-\Gs{u,e,v))::^ {u,9,v,S) 
whenever S is large enough and {u,9,v) G [/|. 

Proof. Since each map is injective, it suffices to show that upon shrinking C/^, we can 
avoid the images of points in the complement of the region where Condition (|8.18p holds. 
This is an immediate consequence of the second part of Lemma 18.91 □ 

This allows us to refine the function . By the Corollarv l8.81 we may pick a sequence 5' 
of positive real numbers such that 

(8.21) lim = +CX) and ImGs nlmG^, = whenever S > S'+\ 

i — > + oo 

This implies that ImGgi+i separates ImGgi from the end. In particular, a neighbourhood 
of d^V {L; 0) can be written as union of cobordisms between ImGgi and ImGgi+i. 

Lemma 8.12. There exists a proper smooth map 

(8.22) F : V{L; 0) U d'^V {L; 0) ^ [0, +oo) 
such that each is a regular point with 

(8.23) F-\S') ^ImGs^ 
and the diagram 

(8.24) Uix[S,+(X)) ^ViL;0)Ud^P{L;0) 

[S, +oo) ^ [0, +oo] 

commutes. 

Proof. We set the function F to agree with on the image of the map G^^, and with the 
value of the gluing parameter on the image of G |?7^ x [S, +oo). Lemma [8.111 implies that 
these two conditions are compatible. Trivializing a neighbourhood of Im Gs* using a map to 
R which agrees with the [S, +oo) coordinate near G5. (U^), we obtain collar neighbourhoods 
of Im G gi in the two cobordism for which it appears as a boundary, so we can extend F 
linearly with respect to the normal direction. Any extension of to a function on the 
interior of the cobordism which agrees with this linear function near the boundary, agrees 
with the gluing parameter on G (Ul x [S"*, 5'*+^)) , and takes values in the open interval 
(5*, 5"+^) will satisfy the desired conclusion. □ 
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We can now define a manifold with corners {L; 0) for each sufficiently large S*' as an 
inverse image under F 

(8.25) V^\L-Q)^F-\~oo,S'] 

The reader may easily verify that such a manifold satisfies all the desired conditions stated 
in Lemma [2.101 For example, the inclusions of d^V {L; 0) and d'^V (L; 0) are given by the 
gluing maps and Gg^^+oo- 

Remark 8.13. It seems more than plausible that the dijfeomorphism type of (^;0) 
independent of . Since we do not need this property, we have not attempted to prove it. 

9. Triviality of the tangent space of the cobordism 

In this section, we prove Lemma [2.201 We first explain the construction of a compact CW 
pair {X{L), dX{L)) with an inclusion of {C{L), d^C (L)), and an extension of the gluing map 
G*" to dX[L). In the last part of this section, we construct the CW complex y{L). 

9a. Constructing a finite-dimensional replacement for J^c{L). We begin by recalling 
that the projection map 

(9.1) tt: dFc{L)^ro,i{L--P) 
is a weak homotopy equivalence. The choice of a section of 

(9.2) d'^f (L; 0) ^ Vo,i{L; -P) = V{L; -(3) x 

together with the gluing map G5^^ for a sufficiently large S gives an inclusion 

(9.3) l: VoAL: -/?) ^ 5C(L) ^ dTc{L) 

such that the composite with the projection map (|9.ip is the identity. Moreover, the choice 
of such a gluing parameter also determines up to a contractible choice an inclusion 

(9.4) d^C{L)^dC{L) 
which is the identity away from a collar of the boundary. 

We now fix a triangulation of d^C (L). Given a vertex v g d^C {L), pick a path in 

(9.5) 7r-'{7T{v)) cdML) 

connecting v to l7t{v). Note that this is possible because the fibres of tt are connected (in 
fact, they have the weak homotopy type of a point). Next, we observe that every edge in 
our triangulation of d^C (L) gives rise to a loop in dJ-c{L) given as the concatenation of the 
given edge with the paths running from its endpoints to l {Vo.iiL; —/?)), and with the image 
of the edge under the composition of the projection (|9.ip with the section (|9.3p . The image 
of this loop in Vo.iiL; —P) is the composition of a path with its inverse, hence obviously 
contractible, so we can extend the loop in dJ-c{L) from S*^ = dD^ to the interior of the 
disc. Note that we've now constructed a 2-dimensional CW complex which contains the 
1-skeleton of (9^C {L) and which retracts to Va,i{L; — /?). 

Proceeding inductively, and using at every step the fact that tt is a weak homotopy 
equivalence, we obtain a CW complex that we will denote dX{L; (3) which still retracts 
to Vo,i{L] — /3), and contains all of B^C {L) More precisely, 
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Lemma 9.1. dX{L;P) is homeomorphic to the cone on the projection map 

(9.6) tt: d'CiL)^PoAL;-f3), 
and is equipped with a map 

(9.7) Lax: dX{L-l3)^dTc{L) 
which is a weak homotopy equivalence. 

□ 

Using the fact that the projection map 

(9.8) TciL)^ViL;-f3)x 

is also a weak homotopy equivalence, the same procedure constructs a CW complex X(L; (3) 
containing dX(L] (3) as a subcomplex, together with a diagram 



(9.9) {r{L- -/3) X D^, V[L- -/3) x S^Y ^ (L)) ^ [X{L),dX{L)) 




{TciL),dTc{L)) 

where the top row consists of inclusions of pairs of CW complexes. Recall that Tc{L) carries 
a Banach bundles £c whose fibres are smooth anti-holomorphic 1-forms on the disc with 
values in TM . 

Lemma 9.2. There exists a finite dimensional trivial vector bundle Vx over X(L) and a 
map of vector bundles 

(9.10) Vx i*x£c 

whose image consists of 1-forms supported away from —1, and whose direct sums with Dc 
and Dqc give surjective maps of bundles 

(9.11) : Vx ® i*xTTc{L) ^ i*^£c 

(9.12) D^c ■■ Vx © ilxTdTc{L) ^ i*x£c- 

Moreover, we may assume that the map (|9.10p vanishes on C{L) x {0} C X{L) . 

Proof. By a standard patching argument, it suffices to prove the result in a neighbourhood 
of a single point. Given a smooth map v: {D^,S^) — » (A/, L), the fact that the Cauchy- 
Riemann operator is elliptic implies that the cokerncl of 

(9.13) Dg: C°°{{D^,S^),{v*TM,v*TL)) ~* C°^{v*TM (g)n°'^D^) 

is finite dimensional. Starting with any finite-dimensional subspace Voo of C°°{v*TM ® 
il'^'^D^) which is transverse to the image of Dg, we pass to our favourite Sobolev space 
completion and consider the surjective map with bounded inverse 

(9.14) Voo © W^'P'\{D^,S^), {v*TM, v*TL)) LP'^{v*TM (g> n°'^D^). 

Since elements of Voo arc smooth on D^, they decay like e"'* on the strip, so. for sufficiently 
large 5", the difference between an element of Vq and its product with a cutoff function that 
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vanishes when s > S has arbitrarily small |_|p_i-norm. In particular, starting with a right 
inverse to (j9.14[) . we can construct a right inverse to 

(9.15) Vs © W^'P'\{D^, S^), {v*TM, v*TL)) ^ LP'\v*TM ® n^'^D'^), 

where Vs stands for those 1-forms obtained by cutting off Voo at S. It follows immediately 
that Vs surjects onto the cokernel of Dg in a neighbourhood of v as well. □ 

9b. Pre-gluing smooth maps. Recall that for each S sufficiently large, we constructed a 
manifold with corners {L; 0) in the previous section together with an inclusion 

(9.16) d^C{L)^d^V{L;0)^dV'^{L;0) 

as a union of the closure of some top boundary strata. Moreover, this map factors through 
an inclusion 

(9.17) d^C{L) Tv„,dL ■■0) = S^ X Tv{L;0), 
which we shall extend to dX{L; (3). 

We first define a map 

(9.18) preGs : dX{L) ^ Tv^,,AL\^) 

for each S sufficiently large by pre-gluing, as in Section [Jcl the chosen map in dX{L) with 
the exceptional solution whose boundary it intersects. For convenience, we require that the 
restriction of the map ix defined in Lemma l9.1l to 

(9.19) d^C [L) X [0, 1/4) c dX{L). 

factor through the projection to d^C (L). In particular, the same property holds for preGg . 

Next, we interpret the vector field S0I5 introduced in Proposition l5.4l as a vector field valued 
in 

o oi^ * — 

(9.20) preGs TTvo_AL;0)\d'^C (L) x {0}. 

Note that this is possible since we've chosen an inclusion of d^C (L) as a compact subset of 
dC{L), which we might as well assume is contained in the subset K discussed in Proposition 
15.41 since this subset was an arbitrary compact subset. By linear interpolation, we extend 
this vector field to d^C (L) x [0, 1/4] so that it vanishes on d^C (L) x {1/4}, which allows us 
to further extend sols to a section 

(9.21) solf'^ : dX{L) preGs^TTvo^, {L; 0) 

which vanishes away from the aforementioned neighbourhood of d^C (L). Exponentiating 
solf'^ defines the desired map 

(9.22) Cf ^ expp^^^a. (sol|^) : dX{L) ^ Tv„jL; 0). 

Note that the pre-gluing map of vector fields defined in Equation (|5.54p extends to this 
setting to give a map 

(9.23) predcf : 4;,T-*a.F^^^^^(i; /3) ^ precfr^^-^^ (L; 0), 
which is uniformly bounded by the argument given in Lemma [5. 131 
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As in Section [Scl we can construct a right inverse to the 9-operator 



(9.24) Vx\dX^G""' £^:^ 



Lemma 9.3. // the gluing parameter S is sufficiently large, then there exists a map 

whose restriction to d^V {L; 0) vanishes, and such that its sum with D-p^ ^ is a surjective 
operator 

(9.25) D^^^ : V;,(BG'"'*T:F'^^f{L;0) ^ g'^^^S^^I- 

Moreover, as the gluing parameter S converges to +oo, we may choose a uniformly bounded 
right inverse Q^ox to this operator. 

Proof. For simplicity, wc only explain the construction in dX{L) — {dC{L) x [0, 1/4)), where 

" dX ' ' dX ^ 

G agrees with the prc-gluing map prcG . To extend the construction to o C [L) x 
[0,1/4), we repeat all arguments, inserting parallel transport from preG to G . Since 
parallel transport will take place only in a neighbourhood of the compact set d^C (L), Propo- 
sition [RT] can be applied to bound all error terms that it produces. 

Let us fix a right inverse Qox to the extension of (|9.1ip to the Banach spaces 

(9.26) Vx © tlxT'^^'dT^^P^^L; (3) ^ ilx^T''''^ 
where we're using the notation introduced in Equations (|2.67p and (|2.68p . 

First, we define the map (j9.24p as a composition 

(9.27) Vx ^ ilx^c ^ g'^'^S'vI 

where the second arrow is defined by pre-gluing of 1-forms. This is made particularly easy 
by the fact that the image of Vx in igx^c consists of compactly supported forms, so the 
pre-gluing map is simply an extension by with no cutoff needed. 

Next, we define an approximate right inverse Q^ox again as a composition 



G 

dX* 

[0, + oo) 



Vx © ilxT'^^'dTl'^^L- (3)-^Vx® (f"* TT^^^Jm 0) 
where the first map is the breaking map of (|5.7ip , and the last map is the direct sum of the 

" dX 

identity on Vx with the pre-gluing map of vector fields predG5 . 

Lemma 15.161 didn't require holomorphicity of the curves (just smoothness), so that the 
norm of the operator 



dx „ , . 

ox 







(9.29) lim id o Q 

S — >-|-oc ' 

converges to as 5 grows. We've made things particularly simple by requiring that the 
image of the map Vx ^ ^*dx^C consist of compactly supported 1-forms. In particular, 
choosing S large enough so that their support is disjoint from ^i(IIg°°), we know that Q^ox 
is an honest inverse to Dy,^^ _^ on the image of Vx ■ We can then construct a right inverse as 
in Corollary Em ' □ 
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The next step in the proof of Lemma 12.201 is the construction of the map between kernels 
of operators asserted in Equation (|2.78p . 



Corollary 9.4. // S is sufficiently large, the composition of pre-gluing of tangent vector 

O dX O ax 

fields, parallel transport from preG^ to Gg , and the projection to the kernel of Dip^ _^ 
along the inverse Q^ox 



ox .jlOX 



(9.30) [id -Q^Bx o D^-^^j o n'^^^^ox o prcdG 
restricts to an isomorphism between the kernels 

(9.31) i>ax ■■ ker ker D^^ 



Vo,: 



which is uniformly bi-lipschitz. 



Proof. It is not hard to check, using Lemma 16.21 and the estimates stated in Appendix [XI 



that the restriction of n^-'^^a^^. o predGg to ker D^^ is an injection which distorts the norm 
by an arbitrarily small amount if S is sufficiently large. The arguments given to justify 



Lemma 16.31 and the quadratic inequality of Proposition IB . ll show that the norm of 



(9.32) D^l^ o n'^^^^Bx o predG 

decays with S. Using in addition the fact that the norm of Q^ax is uniformly bounded, we 

^ ax o QX 

conclude that (|9.30p is arbitrarily close to . ° predG as S* ^ +oo. and hence it is 

picG 

also an injection. Comparing ranks implies that it is an isomorphism. □ 

Remark 9.5. From now on, we shall not have to change the gluing parameter S anymore 
in our construction of {L;0) , and hence of the manifold W{L). 

The projection map (|9.30p is the key step in the construction of the stabilization of TW{L) 
which we shall use to prove triviality of the tangent space of W{L). Upon restricting (|9.30p 
to d^C (L), we need to control the image of the subspace aut(D^, —1). Let {u, 9, v) denote 
an element of dC{L) in the image of the previously fixed inclusion d^C (L) — > dC{L), and 
let Wg. denote its image under Gg. 

Assume that {u,9,v) lies in the open set C/^, of Equation (|8.18p . Even though we do 
not know that the path Gs{u,9,v) is smooth as S varies, Lemma [8.121 implies that the 
derivative of F with respect to S along the path Gs{u, 6, v) is equal to 1. In particular, this 
path is obviously outwards pointing; we shall show that it has, in an appropriate sense, an 
approximate derivative in directions normal to Ni,, and that 'i'gx [dv [dg)) is close to this 
derivative, which will imply that it is also outwards pointing. 

Fix a map tt^ from a neighbourhood of v{Q) in C" x CP"~^ to whose fibre at is the 
intersection of this neighbourhood with N^,. Since the tangent space of F~^{S) — ImGs 
consists of vector fields whose value at 20(5*) lies in Ni,, the kernel of dF and dni, agree: 

Lemma 9.6. The differential of F factors through the composition of evaluation at zq(S) 
with the differential of iTi, . 

□ 
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We must now identify which tangent vector to at the origin is the outwards pointing 
one. The reader may easily check that the map 

(9.33) d7r^odGs{u,e,v){ds)Uis) 

where ds is the vector field along which is the infinitesimal translation on — {±1} 
under the identification with strip ll^ coming from our choices of strip-like ends, serves as 
an approximate derivative at s = to 

(9.34) X [0,+cx)) X (-1,1) ^ 

(9.35) ((w,0,iO,5,s) ^TT, (Gs+siu,e,v){zoiS))) 

if S is sufficiently large. The precise statement which can be proved using Gromov com- 
pactness is that 



TT* (Gs+s{u, 9, v) (2:0(5"))) - dir^ o dGs(u, 6*, v) {ds) \zo{S) 



(9.36) lim limsup ^ = 0. 

We conclude that ([9?33ll is arbitrarily close to an outwards pointing vector for 5* sufficiently 
large. 

Lemma 9.7. If S is sufficiently large, the image of dv {ds) under the composition of"^Qx 
with the projection 

(9.37) T7'o,i(i;0) ^rP(L;0) 

is a vector which points outwards along the boundary ofV^{L; 0). The image of dv {dp) under 
"^dx is bounded below in norm by a uniform constant independent of S and is arbitrarily 
close in the L^-norm to a positive multiple of the generator dw^g {do) of the kernel of (|9.37p . 

Proof. The statement about the image of dv {dp) follows from the results proved in Section 
l6cl in particular. Lemmas 16.21 and 16.131 so it suffices to prove the first statement. We also 
know from Section [5cl in particular Lemmas 16.21 and 16.141 that the projection of the image 
of dv {ds ) under the compositions of (|9.30p and (|9.37p is transverse to the boundary of 
{L; 0) at every point. Therefore, it suffices to prove that on each component of d^C (L), 
there is some point for which it is outwards pointing; we choose this point to lie in Ui,. 
By Equation (|9.36p and Lemma 19.61 we simply have to prove that the image of the vector 
field ^dx {dv {ds)) evaluated at 2:0(5*) under the differential of is sufficiently close to 
dTT^ odGs{u,0,v) {ds) l^o(s). 

Gromov compactness implies that the norm of (j9.36p is uniformly bounded from below. 
More precisely, 



(9.38) lim dTT,odGs{u,e,v){ds)\zo{S)-dTT,o^>gx{dv{ds))\zo{S) 

5"— i'+oo 



0, 



and the norm of dn^, o H^^^^ o predGg {dv {ds)) is independent of 5 (a priori, there might 
be an error term coming from parallel transport in the 9 and R directions, but our choice 
of metric is independent of these two variables in this region). It suffices therefore to prove 
that 

(9.39) dTT,oii9x{dv{ds))\zo{S) 
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is close to d^T^, o H^^^^ o predG^ {dv {dg)) \zo{S), which is the same as bounding the norm of 



(9.40) diT^ o Q^ox o D$^^ o n° o predG' 



applied to dv (ds), and evaluated at 2:0(6'). However, the composition 

(9.41) dn^ o Q^ox 

vanishes since Q^ax takes values in vector fields which, at 2:0(5), lie in the tangent space of 
N^. ' ' □ 

9c. Construction of the isomorphism of kernels. The isomorphism asserted in Equa- 
tion (|2.78p is constructed starting with the isomorphism defined in Equation (|9.30p . Since 
(|2.78p only refers to J-''p{L;0), we start with the projection 

(9.42) Tv„,AL;0) ^ ^v{L;0) 

(9.43) {R,e,w) ^ {R,wor^0). 

which gives a short exact sequence on tangent spaces 

(9.44) O^TS^ ^ TTv„jL; 0) ^ TT-p{L; 0) ^ 

Note this decomposition differs, by 0-rotation, from the decomposition of TJ--pg ^ (L; 0) in- 
duced by the definition of the space T-p^ -^{L; 0) as a product x J-p{L; 0). 

Our goal is to describe the operator Dpg ^ , and by extension D!p^ ^ using only the space 
J-'-p{L; 0). To do this, we fist consider a rank 1 vector space spanned by a vector dg which we 
think of as the infinitesimal generator of rotations on the disc. By compositing the inclusion 
of J-p{L; 0) into J-pg ^ (i; 0) at angle with rotation by (f>, we consider the composition of 
maps 

(9.45) (de) > T^S^ © T^r,^)Tv{L; 0) T^S^ © r(^,^or,)^Po,i (L; 0) 



^V,{R,w) ;— £v,{R,wor^) ^ T(^R,4,,iuor^)J^v{L; 0) 

^ "^0,1 

By inspecting our construction of D-p„ ^ , we find that it is 5 ^-equi variant since all our choices 
(of almost complex structures Je,^, metrics ge^R, and 1-form 76/, _r) are pulled back from a 
fixed choice at = by the rotation re- We conclude 

Lemma 9.8. The map 

(9.46) de £v.{R,w) 

obtained by composing all the arrows in Equation (|9.45p is independent of (j), and vanishes 
if w lies m'P(L;0). 

□ 

We denote the direct sum of Equation (|9.45p with Dp by: 

(9.47) d!^"^ : {de) © TTviL] 0) ^ Sp. 
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Lemma 9.9. Given (i?, 0, w) G J-'-p„ ^ {L; 0), and 6 Q , rotation by 9 defines a commutative 
diagram 

(9.48) {de) ® V,^).Fp(L; 0) ^ T^R,e^^ore)^Vo^ {L; 0) 



whose horizontal arrows are isomorphism, and whose top arrow, upon identifying de with 
the generator ofTS^ gives a splitting of the short exact sequence (I9.44p . 

□ 

We define the map 

(9.49) Gf-^: dX ^J=-j,{L:Q) 

o QX 

to be composition Gg with the projection (|9.42p . Returning to Equation (|9.25p . and using 
the previous Lemma, wc find that we have a surjective operator 

(9.50) i?jf^>"* : Vx © (de) ® Gf*TTvm 0) ^ Gf'*£v, 

where we can pass to spaces of smooth maps using the fact that all curves in the image of 
G^'^ are smooth, as well as elliptic regularity. Moreover, we have an isomorphism of bundles 

(9.51) kerD<f^>'^=keri?^^^, 



which, when composed with the isomorphism qx of Equation (|9.3ip . gives an isomorphism 



(9.52) ^dx- ^ciD^c^^f^^Df'^'^ 



Finally, using Lemma Wl\ we conclude: 

Lemma 9.10. The restriction of (j9.52p to d^C [L) decomposes as a direct sum of the 
identity on Vx with a map 

(9.53) out(L>2, -1) © Td^C (L) Tr{L; 0) 
satisfying the conditions listed in Lemma \2.2(h 

Proof. That we get Vx as a summand follows from the fact that ujf"^''^ vanishes on Vx when 
restricted to d^C [L). The only isotopy we need to perform is constant on {dg) © T9^C {L) 
and deforms the image of dp to be a positive multiple of de. Lemma 19.71 and the fact that 
dx is uniformly bi-lipschitz implies one can perform this deformation through a family of 
isomorphism. □ 

9d. Completion of the proof of Lemma l2.20l We now construct the CW complex y{L) 
by choosing a triangulation of V^{L;0) extending the triangulation of d^C{L). We start 
with the union 

(9.54) P^(i;0)Ug,c(L)5A'(i) 

as a CW complex equipped with a map to J--p{L). Gonsider the weak homotopy equivalences 

(9.55) L -> Tv{L) L, 
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where the first map is the inclusion of constant maps, and the second is the evaluation map 
to L. The argument presented in the previous section to construct X and prove Lemma l9.ll 
implies: 

Lemma 9.11. There exists a CW complex y{L) including dX{L), P^{L;0), and L as 
subcomplexes, with a map 

(9.56) Ly: y{L)^Fv{L) 
which is a homotopy equivalence. 

□ 

We extend Vx to a trivial vector bundle over y{L), equipped with a map 

(9.57) Vx ^ L*ySl^' 

extending (|9.24p . The surjectivity property of Equation (|9.25p may not hold globally, but it 
holds in some neighbourhood of dX{L) in y{L). Moreover, using the same local construction 
as in the proof of Lemma r9.10( we can also produce a trivial vector bundle Vy over y{L) 
equipped with a map 

(9.58) Vy ^ L*y£^' 
which vanishes near dX{L), and such that the direct sum 

(9.59) Vy®Vx(B {de) ® iyTTv{L; 0) ^ L*y£v 
is surjective. Extending Vy trivially to X{L) and defining the map 

(9.60) Vy -> L*x£c 
to vanish, we let Vz = Vx ®Vy, and conclude: 

Lemma 9.12. There exists a trivial vector bundle Vz over Z{L) satisfying equation (|2.75p 
and (|2.77p . and equipped with an isomorphism map as in (|2.78p 

□ 



Appendix A. Pointwise estimates 

In this appendix, we collect a series of pointwise estimates which are used throughout the 
paper. All the results are elementary in nature. The only reason for including them is that 
our chosen metric |-|i,p,s treats the norm of a vector field and of its covariant derivative 
differently as S varies. In order to obtain uniform estimates that are independent of S, it 
does not therefore seem to be sufficient, at least if we work only with our family of metrics 
gs, to bound an expression in terms of the C^-norm of a vector field X. Rather, one needs 
to know its separate behaviour with respect to \X\ and |VX|, and ensure that the terms 
multiplying |X| can themselves be bounded in the i^-norm. 

Let E be a Ricmann surface (in our example, either a strip or a disc), w a map from E 
to M, and Z a vector field along w. Let wz = exp^ Z, and let 11™^ denote the parallel 
transport map along the image of the exponential map from w to wz- Our first estimate is 
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Lemma A.l. There exists a constant C depending only the metric on M such that 
(A.l) \dwz\<(\dw\ + \VZ\)e^\^\. 

In particular, if \Z\ is sufficiently small, 

(A.2) \dwz\ < {\dw\ + \VZ\){1 + C\Z\). 

Moreover, 

(A.3) \V^^zzdwz\ < C\Z\{\dw\ + |VZ|). 

Proof. Fix a point z e and a tangent vector dg. By definition, Y{y) — dwyz{ds) is a 
Jacobi vector field with initial conditions Y{Q) = dw{ds) and 

(A.4) r'(0) = S/zdwids) = Vd^(a,)Z. 

The equation for a Jacobi field is given by 

(A.5) Y"iy) ^ V^™,.^du;(a,,) = R{IIZ^- Z,Yiy))IlZ^- Z, 

(see e.g. Equation 6.11 of [2]), so that 

(A.6) \r'{y)\<C\Z\'\Y{y)\ 

which readily implies that 

(A.7) \Yiy)\ < ae^^l^l 

for (a, b) independent of y. Using the initial conditions, we obtain the desired results. □ 

From now on, we shall assume that \Z\ is bounded (say by 1). Next, let uJj, : S M be a 
family of maps smoothly parametrized by y G [0, 1]. Let X be a vector field along the image 
of w, and write HyX for the image of X by parallel transport along the path Wy. We shall 
be interested in comparing the norm of \7X to that of \7IlyX: 

Lemma A.2. There exists a constant C depending only on the metric on M such that 
(A.8) \IlyVX -VUyXl < C\X\raa^\dwy\ / \dyWy\. 

y Jy 

In particular, if Wy — Gxp^ yZ for some vector field Z , then 

(A.9) l^Z'^^x - vn^i^i < C\X\\Z\{\dw\ + \\/Z\) 

Proof. Fixing a chart on S with coordinates s and t, we bound the y-derivative of the norm 
of the left hand side of Equation (jA.8[) : 

d . II II I 

<C\dyWy\\dWy{ds)\\X\, 

where C is the norm of the curvature of the metric. This yields Equation (|A.8p by integra- 
tion. Using Lemma [A. 11 we conclude the bound (jA.9p . □ 

Given a two-parameter family of maps Wx,y, with (x,?/) € [0,1]^, we shall consider the 
difference between parallel transport along the two sides of the square. 
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Lemma A. 3. There exists a constant C depending only on the metric on M such that 



(A.IO) 
(A.ll) 



"^0,1 ^0,0 ^1,0 ^0,0 



< C I \dyWx^y\\dxWa;,y\\X\ 

x,y 



V UZi:X:,X - IiZ\-:^lVZZX) < C\VX\ f \dyWx,y\\dxWx,y\ 

Jx,y 

+ C\X\(ma.x\dwx,o\ / \dxWx,o\ + nia.x\dwx,i\ / \dyWx,i\ + 

Jx ^ Jx 

max jduiQ,!,! J \dyWo,y\ + nia,x\dwi^y 



\dyWlj) 



Idea of proof: The first result follows from a straightforward computation along the lines of 
Lemma rO To prove the second estimate, we commute V past the parallel transport map 
twice in each term, introducing error terms bounded as in Equation (jA.SP which account for 
the first term of (jA.lip . The bound then follows from the first estimate applied to VX. □ 

Next, wc prove a pointwise analogue of the quadratic inequality. Let 7 be a 1-form on E, 
Xh a Hamiltonian vector field on M and Jz an almost complex structure on M depending 
on z S S. Given a map w: T, M, and a vector field X along w we define 



(A.12) 



1 



D^iX) = (VX - 7 ® VxXh)- - -Jz {VxJz)d^w 



where d^w 



{dw — 7 (8) Xh) ' , and V stands for the Levi-Civita connection of a z- 
dependent metric Qz on M which is almost hermitian for Jz- Let Z be another vector 
field along w. Consider the exponential of the vector fields yZ for y G [0, 1], and write Wy 
for Wyz and Ily for XI^" . The first estimate we shall need concerns the failure of the complex 
linear connection 11 to be an isonietry 

Lemma A. 4. There is a uniform constant C such that 

(A.13) flZ^'Y - nZ"" Y <C\Y\\Z\. 

Proof. We take the derivative with respect to y of the of the norm of the above expression 
replacing wz by Wyz: 



dy 



n,y - UyY 



< 



HyY 



<c\z\ 

We then use the initial condition that IIj, and H^"^ agree when y = 0. 
Lemma A. 5. There exists a constant C depending only on M such that 



□ 



(A.14) 



nZ'D^x - D,{K,^x) < c\z\ {\vx\ + \x\ (I7I + \dw\ + |vz|)) 



Proof. Using the definition of the connection H, wc obtain 



dy 



llyD^X ~ D^iUyX) <\VnyzD^{nyX) 



;Jz i^u.zJz) D^X 
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The lowest order terms of the right hand side (where we take a derivative of J with respect 
to the parallel transport of Z in either term) are bounded by a constant multiple of 

(A.15) \Z\ (|V (n,X) I + |X||7| + \X\\d^Wy\ + |VX|) . 

Using the expression for d^Wy, and Equation (jA.9|) . we simplify this to a constant multiple 
of 

(A.16) \Z\{\VX\ + \X\{\Z\\VZ\ + \^\ + \dw\)) 

To bound the remaining terms, we must bound 

(A.17) |Vn„zVnyX| + |7| |Vn„zVn„x^H| + | (Vn„z (Vn„x J^)) dvo,,w\ 

+ \^UyxJz\ \^Uyzdvo,iw\ 
We observe that the defining property of the Lcvi-Civita connection implies that 
(A.18) Vn„zVd^„^(g^)n^X = R (liyZ, dwy{ds)) liyX, 

so that the first term is bounded by a constant multiple of 

(A.19) \Z\\X\\dwy\ < \z\\x\i\dw\ + \yz\), 

using Equation (jA.2p to bound Irfwyj. Since wc can write VuyxJz = (n^X, VJz), and 
similarly for Vn^x^ff, we find that the second and third term arc bounded by a constant 
multiple of 

(A.20) I^ll^l(l7l + \dwy\) < \Z\\Xm + \dw\ + |VZ|), 

Finally, since 

(A.21) \^Uyzd-,w\ < C {\Z\ {\dwy -j<E>Xh\ + \7\ \VXh\) + \Vnyzdwy\) 

we can apply Equation (jA.Sp to conclude that the last term is bounded by a constant 
multiple of 

(A.22) \Z\\X\{\-f\ + \dw\ + \VZ\). 

The sum of equations (|A.16|) . (|A.19|) . (|A.20|) . and (|A.22|) gives the desired bound. □ 

Let ke denote any function on S, and consider the a norm |_|p,E, weighted by ks, on 
functions: 

Corollary A. 6. There exists a constant C depending only on the metric on M and the 
Hamiltonian H such that 

(A.23) nZ'D,X-D,{UZ'X) < 

C\Z\co (|VX|p,E + \X\c'> (|7lp,E + \dw\p,s + |VZ|p^s)) • 

□ 

Next, we prove a Lemma that shall be used in Section [6bl Consider the case E = D^, 
equipped with the L^'-metric |_|p,s on vector fields introduced in Remark lS.S) and let X and 
Z he a. pair of vector fields along a map w: D'^ ^ M. 



92 



M. ABOUZAID 



Lemma A. 7. There exists a constant C depending only the diameter of w and the metric 
on M such that 

(A.24) |exp-i (exp^^ H^-Z) -X- Z|^_^ < C\X\co\Z\p^s 

Proof. Given a point q in M and its image qx under the exponential map applied to a 
vector A, we have a bound 

(A.25) |exp-i (exp,^ Z) - X - Z\ < C\X\\Zl 

since the left handside is a smooth function that vanishes whenever X or Z vanish. More 
generally, given a path 7 with end points q and r, the same argument shows that there is a 
constant C£(^) depending only on the length of 7 and the metric such that: 
(A.26) 

|exp-i (exp,^ n;-Z) - A - Z - (exp-i (exp,^ U^- Z) ~ X - Z)\ < Q(^)|A||Z|. 

The result follows immediately by using the first inequality to bound the norm of 
exp~^ (exp,^^ nj^-'^Z) — X — Z in the complement of the neck, and the second inequal- 
ity to bound the norm, on the image of the neck, of the difference between this vector 
field and the parallel transport of its value at ^s,n(0, 0). □ 



Appendix B. Proof of the Quadratic Inequality 



In this Appendix, we shall prove: 

Proposition B.l (c.f. Proposition 3.5.3 of [14j). There exists a constant c > independent 
of S with the following property: given a tangent vector 

(B.l) Z' ^ir,X,Z)eTTvoAL) 

which is bounded by c in the C^-norm, 

(B.2) |Z^|oo-|Z|oo + |A| + |r|<c 

the difference between the linearisation of B-p^ ^ at the origin and at Z^ is bounded by a 
constant multiple of \Z^\i_p,s ■ 



(B.3) 



d9 



proGs 



(„_,_„)(Z^) - D-po,, < c|Z^kp,5 = c(|A| + \r\ + \Z\,^p^s) ■ 



We return to the notation introduced in the discussion preceding Lemma 15.21 and write 
w^g for preG5(M, 9, v). The Proposition asserts the existence of a constant c such that given 
a tangent vector X^ to J-^^^^ [L) at we have 



(B.4) 



~ s b 



n f'-^A^ 



< c 



X" 



l,p,S 



whenever the norm of Z^ is itself bounded as in (jB.2p . 



The first ingredient we need before proving the quadratic inequality is a uniform estimate 
on the LP-norm of d[ufj=sv). Of course, we need to use the weighted norm 

(B.5) 
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Applying the exponential decay estimates of Lemma I4.13[ wc conclude that there is a con- 
stant Co, independent of S, such that 

(B.6) |d(u#s«)|p,s < CO. 

We shall assume that co is also larger than the uniform Sobolev constant of Lemma 15.91 

The case of Proposition IB . II where A and r both vanish is covered by Corollarv lA.6l as long 
as we restrict to the codimension 2 subspace TT[L) of TT-pg -^{L). Indeed, considering such 
a vector field X, Lemma [5.91 implies that \Z\co is bounded by a multiple of |^|i,p,s that 
is independent of S, while Lemma 15.101 implies that \S/X\p^s and |VZ|p^5 are respectively 
bounded by constant multiples of p 5. Since 7 vanishes in the neck we obtain a uniform 
bound on \ j8.r\p,Sj which, together with Equation (jB.6p gives the desired bound on TT{L). 

To extend this to the subspace r[0, +00) of TTvg 1 [L), we shall prove that 



(B.7) 



dR 



< C\Z\i^p^s 



P,S 



for some constant C that does not depend on Z. Following the strategy repeatedly adopted 
in Appendix |X1 this follows from a bound on the derivative with respect to parallel transport 

in the direction of Z. Dropping all subscripts from J, and writing Hy for H ^ "'^ , we have 
to bound two terms; the first is a simple estimate 



< C\Z\ l^\-/eM 
while the second relies on results from Appendix [XI 

1 dJ 



dR 



I'^nyzD-pg -^dn] < vn„z 

< C\Z 

< c\z 



\dws^yz 
\dws\ + \VZ 



Idwi 



dle,R 
dR 



H 



0,1 



[\ib,r\ + 


d^BM. 

dR 


[\leM\ + 


d-fBM 

dR 



In particular, the last inequality follows from Equation (|A.2p . With this in mind, it is 
easy to prove the bound (jB.7p . The proof for the additional parameter 6 is essentially 
indistinguishable, and hence omitted. We conclude 

Lemma B.2. There exists a constant c independent of S such that 



n 



Vo, 



<c|Z|i,p,5|^1l,p,S 



□ 



We shall now extend this result to the case where the additional parameters A and r 
do not vanish. Our strategy is to replace the parallel transport from w^g = {R,9,ws) to 
(i?,+r X z) ~ + r, + A, ws.z) along the image of the exponential map, with parallel 
transport along a broken geodesic which passes through (0 z) ■ 
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Lemma B.3. There is a constant C that is independent of S such that we have an bound 
on the commutativity of parallel transport on the fibers of £^{M) equipped with the |-|p,s 
norm 



(B.9) 

In addition, the operator 



T-r'"S.(r.A,Z) 



'"'s,(o,o,z) '"'s 



<C\Zfc°. 



T.T'-P{L) -^LP(w': {TM)®n*D^ 



(B.IO) 

obtained by composing V with this difference of parallel transport maps is also uniformly 
bounded: 



(B.ll) 



V n 



™S,(0,0,Z) ' 



^5,(0,0,2) 



< C\Z^\co 



Proof. Note that the proof of Lemma IA.4I directly apphes to our setting, and shows that 
the difference between H and 11 is an operator bounded by a constant muhiple of \Z^\. For 
the Levi-Civita connection, Equation (jA.lOp imphes that 



(B.12) 



TT'"S,(r,A.Z) tt'"S,(0,0,Z) 
S,(0,0,Z) '"S 



<C|Z^|co(|r| + |A|), 



T-r'"S,(r,A,Z) 

from which the desired estimate (jB.9p foUows for fibers of £p{M). 
To prove the second estimate we apply Equation (|A.lip to obtain a pointwise bound: 



(B.13) 



""5,(0,0, Z) '"S 



< C\Z^\ (|X| (^\dwl\ + |VZ|) + \wx\ 



Using the Sobolcv embedding for iXjpo, and the boundedness of the \-\p,s norm of dw^g, we 
obtain the desired result. □ 



This reduces the proof of Proposition IB. II to proving the result in the special case where 
Z vanishes. Simplifying the notation further by dropping the parameters R and r, we write 
^SA P^i'' + X,w). We first observe that the arguments given in the previous 

section give the following bounds, which respectively come from Equation (|A.2p . (|A.3p . and 



(B.14) 
(B.15) 

(B.16) 



<M^^|(i + qA| 



'^dgdWsx <C\dwsi 



vn f'^x 



n f 



< C\X\\X\\dw^s\ 



Using this, we conclude 

(B.17) \dvo.,w's,^\<C{l + \X\)[\dw's\ + he.B}) 



We can use (|B.7P to prove the desired pointwise result for a tangent vector = {p, 77, X): 
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Lemma B.4. There exists a constant C independent of S such that 
(B.18) 



n-S.(..A,0) JJ^^ ^ _ ^^^^ ^ n-S,(.,X,0, 



< Ci\r\ + |A|)(|VX| + \X\i\jg^n\ + \Vje.R\ + \dw's\)) 



Proof. We prove this only in the special case where p = 77 = 0, and return to ignoring the 
variable R (the case where only p and 77 arc non-zero is left to the reader). The first step is 
to control the derivative with respect to A using: 



_d_ 

dX 



< 



Using the expression for D-p,-, ^ X and Lemma IA.4I we find that the first term is bounded by 
a constant multiple of 



(B.f9) 



|VX| + \X\{\^e,R\ + I^Ibm] 



To bound the second term, we return to the expression (|5.5[) . and first observe that in 
analogy with (jA.f Sp . the terms where a derivative of J or 7 is taken arc bounded by a 
constant multiple of 



(B.20) 



vn f^x 



^1 he.Rl 



de 



Using Equations (|B.f6p and (|B.17p . we see that this is in turn bounded by a constant 
multiple of 



(B.2f) |VX| + \X\ (|7(,,fl| + |V7e,i?| + \d 

The higher order terms are bounded by 



(B.22) 



X 



H 



n °'X 



n "-^x 



dVo.iWs.x + \X\ Vdedv„,,Ws^x 



Note that this is essentially the same expression as ()A.f 7[) . Using (jB.f 4[l - (jB.16p . we adapt the 
argument we used to bound (jA.lVp . and conclude that the higher order terms are bounded 
by a constant multiple of 



(B.23) 



1^1 {\dw's\ + \le,R\ + \'^leA 



□ 



Finally, we can prove the main result of this section 
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Proof of Proposition \B.1[ We compute that 
(B.24) 



< 



n 



S,(0,0,Z) "'s 



■ ' "'S.(O.O.Z) 



n 



s,(o,o,z) "'s ■ "'s,(o,o,z) 



By Equation (jB.9p . and using the fact that the norm of the operator D-p^ ^ is bounded 
independently of S (sec Corollarv lS.lip . we find that the first term is bounded by a constant 
muhiple of 



(B.25) 



Pointwisc, the second term is bounded by a constant multiple of 
(B.26) 



V ( n f n f-'"'"-"' - n | x' 



S,(0,0,Z) s 



+ 



+ |7l 



n r-"" n" 

™S,(0,0,Z) "'s 



n 



X' 



Applying Lemma (|B.3P to the first term, and Equations (jA.lOp and (jB.17P to the second, 
we conclude that the L^-norm of this error term is bounded by a constant multiple of 



(B.27) 



\Z^\i.p.s\X^\i.p.s + i\dws\p + \^\p)\Z^\co\X^\co, 



which by the Sobolev lemma implies that the second term of (|B.24I) is indeed uniformly 
bounded by a constant multiple of 



(B.28) 



|^''|l,p,s|-'^''Il,p,i 



It remains to bound the third term of (|B.24p . We shall leave this step to the reader, and 
simply note that one should use Lemmas IB. 21 IB.3[ and IB. 41 □ 



We complete this appendix with the proof of a different version of the quadratic inequality: 



Proof of Equation (|5.1ip . Since the norm of a convex combination of X^ and is bounded 
above by \Xi + X2I, it suffices to combine the estimate (|B.3|) with the expression 



(B.29) 3^prcGs{u,e,v) ("'^1) ■^proGs(ti,e,t)) ("'^S 



proGs(ij 



^,.{xXl + il-x)X'^ {Xl-X',dx 



□ 
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